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Course Assignment Pattern

& e

A
Quiz

Altogether 4 quizzes may be
taken during the semester, 2

midterm and 2 quizzes will be
taken for final term

Assignment

: Altogether 4 assignments may
: be taken durin Itrlloe senlw(ester],c 2

: - : assignments will be taken for
quizzes will be taken for : pidferm and 2 assignments will

: be taken for final term.

Presentation

The students will have to form a
group of maximum 3 members.
The topic of the presentation
will be given to each group and
students will have to do the
group presentation on the given
topic
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Assignment Pattern

CIE - Continuous Internal Evaluation (90 Marks)
Bloom’s Category | Mid Exam Assignment | Quiz (15)  Attendance &
Marks (out of 90) (45) (15) External
Participation In
Curricular/Co-
Curricular
Activities (15)

Remember 5 05
Understand 5 05
Apply 10 05 15
Analyze 10 05
Evaluate 10
Create 5 10
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Assignment Pattern

SEE — Semester End Examination (60 Marks)

Bloom’s Category Final Examination
Remember 10
Understand 10

Apply 15
Analyze 10
Evaluate 10

Create 05
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Course Learning Outcomes (CLO’S)

To describe the basic Recognize the appropriate
concepts of limits, tools of calculus to limits,

derivatives, and integrals. derivatives, and integrals.

Categorize problems and
correlate the problems with
well-known methods.

Analyze and evaluate some
real life/applied problems.

Modify the previous result/
Develop a new
methodology.
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Course Rationales

The course I1s based upon two concepts, namely, the concept of function and the concept of limit.
Differential Calculus helps to find the rate of change of quantity. It is mainly focused on some important
topics such as limits, continuity and differentiability. The rules of differentiation are introduced, and
methods of differentiating various algebraic and transcendental functions will be developed. Applications
of differential calculus to finding maximum, minimum, tangent, and normal values of the function.
Integral calculus Is the reciprocal of differentiation. Methods of algebraic integration will be introduced,
with both definite and indefinite integrals being determined for a variety of functions. It is generally used

for calculating areas. At the end of each chapter, the assignment is compulsory to make students involve

using knowledge of this course to implement and solve different kinds of problems

Y
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Course ODbjective

The objective of this course is to

e Teach basic math skills in calculus and make students familiar with

Limits, Continuity, Derivatives, Curves, and Integrals.

e Demonstrate the solutions of the problems in the field of Engineering

using calculus. Thus, the students can proceed with their studies towards

advanced courses In their fields.

%
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Functions and their Graphs, Limit, continuity.

» Definitions of functions.

» Kinds of functions (even, odds, inverse, one-one, onto etc.)

» Graph of some well-known functions.

» Defines continuity at a point using limits.

» Use rules of limits.

o1 ~» Evaluate limits by way of tables and graphs. 12  cLO1

» Determine the existence of and find limits at real numbers.

» Evaluate limits algebraically by means of substitution, factoring,
and using special limits.

» Use limits to determine whether a function is continuous at a point

Differentiability and its applications
» Express the derivative of a function as a limit.
» Use formulas to take derivatives of polynomial, radical, exponential, and
logarithmic functions.
» Relate the first derivative to velocity and the second derivative to
02 acceleration. 08 Clo1
» Use the product and quotient rules to take derivatives. CLO2
» Solve applied problems involving derivatives
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03

04

Maxima & Minima, Rolle’s, and Mean Values Theorem

» Find critical numbers and critical points.

» Find intervals where a function is increasing or decreasing.

» Find absolute extrema on a closed interval.

» Find relative extrema using the first derivative test

» Solve application problems.

» To find the maximum or minimum value of a particular quantity. Such
applications exist in economics, business, and engineering

Integration and methods of Integrations

» Definitions of integrations

» Important formula of integrations

» Types of integrations (Definite and Indefinite)
» Fundamental theorem of integrations

» Evaluating definite integral by substitutions
» Integrations by partial fractions

10 CLO3

0§ CLO4
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05

06

Gamma Function and Beta Function

» Definitions of Gamma functions

» Some basic properties of gamma functions
» Applications of gamma functions

» Definitions of Beta functions CLOo4
» Some basic properties of beta functions 10 CLO S
» Applications of beta functions

Applications of integrations
(Area and Volumes related problems)
» Evaluate definite integrals to find the net area between a curve and the x-

axis using the Fundamental Theorem of Calculus.
» Use basic integration properties to solve graphical net area problems. 19 CLO4
» Use properties to definite integrals to solve graphical net area problems. CLO S
» Use definite integrals to find the area between two curves
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Course Plan

Mapped With
CLO

.

IH0

Basic concept of function, Domain,

Teaching

Strategy

Lecture,

Assessment
Strategy

Feedback,

Correspondin
gCLO

01 Co-domain, Range Multimedia Q&A CLOL
02 Kinds of function(even, odds, one- Lecture, Feedback, CLO1
one, onto, bijective etc.) Multimedia Q&A
Inverse function and Composite
03 function, Graph of some well-known Lec_ture,_ FESLIRES CLO1
: Multimedia Q&A
functions
: . . Lecture, Feedback,
04 Basic concept of limit, Evaluate limit Multimedia Q&A CLO1
05 Existence of limit and Continuity of a Lecture, Feedback, CLO1
function at a point. Multimedia Q&A
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Course Plan

Mapped With
CLO

N

/00

Teaching

Strategy

Assessment
Strategy

Corresponding

CLO

Basic concept of differentiation,
differentiability, Formulae  of Lecture,

06 differentiation, Differentiation (Sum  Multimedia Feedback, Q&A CLO1
& Difference Rules, Product Rule &
Quotient Rule)
Differentiation (The Chain Rule,
Function as Power of another Lecture,

07 Function, Differentiation Parametric ~ Multimedia Feedback, Q&A CLOZ
Equations, Implicit Function)
Successive differentiation, Lecture,

08 Leibnitz's theorem Multimedia FEERLEES QA Gz
Solve applied problems involving
derivatives, Relate the  first
derivative to velocity and the second

09 derivative to acceleration, Find Lec_ture,_ Feedback, Q&A CLOL

. . : Multimedia CLO2

critical numbers and critical points,
Find intervals where a function is
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Teaching Assessment  Corresponding

Strategy Strategy CLO

Course Plan

To find the maximum or

o minimum value of a particular .
Ma e W|t| l 10 quantity. Such applications L Feedback, Q&A CLO3
. . . Multimedia
exIst in economics, business,
( Lo and engineering
Rolle’s, and Mean Values |_ecture,
11 Theorem Multimedia Feedback, Q&A CLO3

Definitions of integrations,
Important formula of

Integrations, Types of Lecture,
: : .. : : LO4
12 Integrations (Definite and Multimedia FEERIORIE, (e CLO
) Indefinite) Fundamental
theorem of integrations

/80

Evaluating definite integral by

substitutions, Some Ideal Lecture,
Integrals, Type based Multimedia
Integration.

13 Feedback, Q&A CLO4

UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL



Course Plan

Mapped With
CLO

w

/80

Integrations by parts, Definite

Teaching

Strategy

Assessment
Strategy

Corresponding
CLO

. ) : : Lecture,
14 mtegrals_ special properties Multimedia Feedback, Q&A CLO4
and exercise
Definitions of Gamma
functions and Beta functions,
Some basic properties of L ecture
15 gamma functions and Beta L Feedback, Q&A CLO4
: . Multimedia
function,  Applications  of
gamma functions and Beta
functions .
Evaluate definite integrals to
find the area between a curve
16 and the x or y-axis, Use Legture,_ Feedback, Q&A CLOA
. ) Multimedia CLO5
definite integrals to find the
area between two curves.
Area under a plane curve In Lecture, CLO4
o polar co-ordinates Multimedia Feedback, Q&A CLO5
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FUNCTION

Definition:

A relation from a set Ato a set B is called a function if

(1) Each element of set ‘A’ Is associated with some element in set 'B’.

(i) Each element of set 'A’ has unigue image In set 'B’.

Example.

f(1)=a
- f={(1, a), (2, b), (3, c)} f(2)=b
So, it can be said that f ¢ A x B. f(3)=c
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Image and Pre-image

A B
[f an element (a € A) is associated with an element (1 € B), then 1’ 5 1
y
is called, the 0 3
o
“f image of a” or “image of a under t” d
or
“the value of the function f at a” "a is called the pre-image of 1"
Example. A={a, b, c,d},B={1, 2,3, 4, 5}
f:A—>B
. y (iii) (iv
A Vg A" g A B )
1 1 1 A >
a a a 1
b - b - b % ; [ 2
3 3
C C C
d ; a7 \ 4 d : d4—""*
. D 5 5
is a function. Is a function. IS not a function. Is not a function.
Every element in Ahasa  EVery element iIn Ahas  (“d’ has no image in B) (‘d” does not have a
unique image in B a unique image in B unique image in B)
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Domain, Codomain and Range

A=1{a b, c d}, B=11,2 3, 4,5}

Domain — {a, b, c, d}
Co-domain - {1, 2, 3, 4,5}
Range - {1,2,3,4}
_ f: A—>»B
Note: Range € Co-domain / \
Note: Domain Codomain

When only “‘rule of function” is given
(1) It is called ““Real valued function”.
(i1) Domain =Set of real ‘x’ for which y is real (Input values).

(il)Range =Set of all real y values obtained after putting real x in domain (All output values).

Range can be said to be the collection of functional outputs.
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Question: Find domain of

(1) y =x A (00,00)
Solution: y =)
> X

Here, it can be seen that all the values in (—o0, ) can be

used as input as we move from left to right of graph.

At the same time, y achieves all values in (—o0, ) as we (-00,-00)

move from bottom to top of graph.

*. Domain=X € R &Range=y € R

(i) y=2x-1

Solution:

Domain =X € R
For range, it can be seen from graph
Range=y € R




1

111) v =
( ) Y 2x—1
: Y
Solution: o
Domain: Y= ox-1
Here,Zx—lstOor,x;t%
X

~ Domain=Xx € R —{%} \ :(1 0)
1\2’
Range: \i

) |

Y =

or, 2yx —y =1
1+y

2y
Here, y #0

~Range =x € R —{%}

or, X =

Point to Remember!!!
y? = x is curve not function.

Point to Remember!!!

If any vertical line cuts a curve at For x > 0 =y= + X So, for
at least two different points, then same value of x, there is two

. values of y. So, it cannot be a
the curve cannot be a function. (TR

Is not a function
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iv) y =V2x —1 Y y=v2x — 1

Solution: .
Domain: here,2x —1>0o0r, x > >

s~ Domain =X € [%, ©0)

Range: ] X
1 . -

It x =-theny =0andif x - c theny — o (2;0)

~Range =Yy e (0, )

1 Y
V3x—4

(iv) y =

Solution: Domain =X € (g, 00)
Range =y e (0, )

=
Il

L |
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Question: f(x) = Vx% +ax +4
(a) Find “a’ if range is [2, ).

(b) Find “a’ if domain is all real.

Solution:

(a) Since, Vx2 + ax + 4 € [2, ).
or, x? +ax +4 € [4, ).

Minimum value of x%2 + ax + 4 = 4

- 2_y4 Here, D=b* — 4ac
4a
2
— 16— a — 4
4
= a=0

(b) Domain is all real.

[tmeans x2+ax+4>0V xe R.

D<0 Here, D=b? — 4ac
az—-16<0
ae€l-4,4]
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Exercise

3x—4

Dy =5—7

2X

(i) y = V2x—-1

(Iii) y = V4 — x2

(iv) y = Vx2 — 4
(V) y =In(2x + 3)

FYUNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL
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Definition of Constant function:

Constant function is a function whose (output) value

is the same for every input value.

Example: 45 T
For example, the function given is a constant function because 3+ Y(x)=4
the value iIs 4 regardless of the input value(see diagram) 91
In this type of function, domain is (-co, o) while range contains 14
only a single value. In above example range is {4}. : X
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Definition of identity function:

An identity function, also called an identity relation or identity map or
identity transtformation, is a function that always returns the same value

that was used as its argument.
Example:

f(x) = x

Domain =R

Range is (-0, =)

This is an increasing function.

It is also represented by I.,.




Definition of odd and even functions:

A function f(x) defined on the symmetric interval (-a, a)
If f(-x) = f(x) for all x in the domain of ‘t” then f is said to be an even function.

If f(-x) = -f(x) for all x in the domain of ‘t” then f is said to be an odd function.

Example:
() (b) ()
h(x) = f(x)+2f(—x) h(x) = f(x)- f(=x)
~ h(=x) = f(=x) - f(x) = —h(x).
o (=) = LEDH G _

2 So, it is odd function.

f(x) = x? + x
> f(=x) = ¥~ x # f(x) or — f(x)

. x% + xisneither odd nor even.

So, it 1s even function.

Common odd function: f = sinx, anx, x, x°

Common even function: f = cosx, sin?x, x?, |x|, |sinx|
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Definition of one-one (injective mapping):

f: A — B such that different elements of A have A B
different f images in B. ¢ ‘ ( 3
o, Xy, X, €A and  f(xy), f(x,) € B, e/ \—o

f(x;) = f(Xp) = X1 =X,

or, X1 # X, = f(Xq) # £(X,)
Example: (i) (ii)
A B A B
< =
¢ =
¢ =
one-one (Every input has a different output) Not one-one (3 inputs have same output)
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Definition of onto (surjective mapping):

f: A'— B such that each element in B is the f image of at A B
least one element in A € \ 2
In case of onto function, codomain is equal to range. & . \ " s
So, to find if the function is onto, find range and match it
with codomain.

Example:

() (i1) (iii)
fR%R,f(X):ZX‘Fl f:R—)R;f(x):lnx f:R—>R+,'f(X):€x
Solution: Solution: Solution:

— 9 1 R y =lInx > yeR .
Y *rLm e y =e = ye(0,) or R
= Codomain = Range = Codomain = Range _
= Codomain = Range
= onto function. = onto function

= onto function.
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Question:

Let the function f: R - (- } - R-[-} is defined by f(x) =
Prove that f is an one-one & onto function
Solution:
f is one-one:
Let, x{,x, € R— {%}
—3 -3
f(xl) = )26)16_1 & f(Xz) = Zx?fz—l

If f(x;) =f(x,) then —2=% = 2=

2x1+1  2x,+1

= (x1 —3)2x,+1) = (x, —3)(2x; + 1)
—=2X1Xy, + X1 — 6Xy —3=2X1Xy + X, —6x1 — 3
=7x1 = 7X,

=X; = Xy

~fis one -one.
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Here Cod; = R— {%}

Let, y= f(x) = 2=

2x+1
=2xy+y = x—3
=2xy+x =3+Yy

_ 3ty
1-2y

Here, 1 — 2y # 0
1
=Yy F >
1
Rf= R- E
~.f (x) is onto function.

R Tz ‘
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Definition of into function:

f: A — B such that at least on element in B (co-domain) is

¢ 7
NOT the f image of any element in domain A. - \

This element has
no pre-image

Bijective Function:

A B
If function is both one-one and onto function, then it is : \ [ :
called a bijective function. e \—s

Only Bijective functions have inverse functions
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/ Exercise: \

xX—2

(i) Let the function f:R-{3} »R-{1} is defined by f(x) = —

x—3
Proved that f is one-one and onto function. Find a formula
which defined f 1.
(ii) Let, the function f:R — R is defined by f(x) = x* + 1.
k Proved that f is not one-one & onto function. /

£) UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL
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Inverse function:

Let f be a one-one and onto function with domain A and range B. Then

its inverse function f~! as domain B and range A and is defined by

[ =x e f(x) =y
for any y in B.

*** Domain of f~! =range of f

range of f~! = domain of f

Caution: Do not mistake the -1 in f~! for an exponent. Thus ' (x) does not mean %

f1(f (x)) = x forevery xin A
f(f ' (x)) = x forevery xinB

f" =1
b
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Question:

If fis a one-to-one function and (1) = 5, f(3) = 7,and f(8) = —10.
Find /1 (7), /71 (5), [~ 1 (=10).

Solution:
From the definition of f~! we have

717 =3 because f(3) = 7

f71(5) = 1 Dbecausef(1) = 5

f~1(—10) =8 because f(8) = —10
A B A B




How to Find the Inverse Function of a Bijective Function f:

STEP 1: Write v = f(x).
STEP 2: Solve this equation for x in terms of y (if possible).
STEP 3: To express {! as a function of x, interchange x and y.

The resulting equation is v = {!(x).

Questlon: Find the inverse function of f(x) = x+2.

o VA
Solution: Let, y=x+2 /

f—l
Then we solve this equation for x: / /
x3=y -2 — X
x = 3 Y — 2 y=x _ /

Finally, we interchange x and y:
y = Vx — 2 The graph of is f ™1 is obtained by reflecting
Therefore the inverse functionis /' (x) = Vx — 2 the graph of f about the line y = x.
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Question: .

Sketch the graphs of f(x) = /=1 — x and its inverse

function using the same coordinate axes.

Solution:
VA
First we sketch the curve y = v—1 — x (the top y=flx)
y=ux

half of the parabola y? =-1 -x, or x =-y? -1) and \
then we reflect about the line y = x to get the o 2 >

‘ -1
graph of f~1. o0
Now, Lety = V-1 — x S
or,y* = —1—x

or,x=—1—y?% y=>0
S fTl ) =—-1-x% x=0
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Question: .

Let f:R — {— %} - R — {— %} be a function defined by f(x) = CCI;C:Z
Find the inverse of [ (x)
Solution: L
Lety - f(x) - cx+d
ax+b

Then we get y = ———

=>cxy+dy=ax+b
=>cxy—ax=—dy+b>b
=>x(cy—a)=—dy+b

—dy+b
= x = —

cy—a

—dy+b
cy—a

= f7H(y) =

—dx+b
cxX—a

L fT) =

f UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL



@xercise: \

(i) Let the function f:R-{3} -»R-{1} is defined by f(x) = i—:g Find a

formula which defined f~1.

xX—3
2x—1"

(ii) Let the function f: R - {-} - R-{7} is defined by f(x) =
Find the domain and range of the finction. Evaluate f ~%(2)
(iii) If f(x) =vVx —2 then find f~'(x). Also sketch the graph of

f(x) and f~*(x).
(iv) The function f: R - R is defined by f(x) = (x + 1)?. Find the

| f
domain and range of the function. Evaluate f~1(4) /
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Composite Function:
Letf:A— B & g:B — C where Ry = B = D, then the composite

function of f and g is denoted by fog (also called the composition
of f and g) is defined by

(fog)(x) = f(g(x))

The domain of fog is the set of all x in the domain of g such that

g(x)is in the domain of f. In other words (fog)(x)is defined flg) (ﬂutpm)‘_/
whenever both g(x) and f (g(x)) are defined The fog function is composed
of the g function (first) and
. then the f function.
Question: .
If f(x) = x*and g(x) = x - 3, find the composite
. function fog and gof.
Solution:
We have

(fog)(x) = F(g() = flx - 3) = (x — 3)2
And (gof)(x) = g(f(x)) = g(x?) = x? — 3
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Question: © Let f(x)=vX, g(x)=+2—x Find

(i) (fof)(x);

(i) (gog) (x)
(iii) Domain & range of (gog)(x)
(iv) (gof)(4);
Solution:
Given that

fX) = vx, and g(x) =2 —x;
(i) (fof)(x) = £(£(X))
= f(vx )

= X4

(i) (gog) (x) =g(g(x))




(iii) Domain & range of (gog)(x):

Here, (gog)(x)=\/2 —V2—x

S0,2—V2—x)=0
lso2 —x >
T x <2 and also x =0

= x <2
—=2—x<4

x> —2

~.Domain= [-2,2]

Now ,

if x = —2 then, (gog)(x) = \/2 —V2+4+2 =0

if x = 2 then, (gog)(x)=\/2—\/ -2 = V()
if x = 0 then, (gog)(x)=\/2 — V2 —0=\/2 -2
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~.Maximum value of (gog)(x) =2

and Minimum value of (gog)(x) = 0;

~Range=[0,v2]

(iv) (gof)(4) = g(f (4))

= g(V4)
=09(2)
=J2-vV2-2
=v2-0

= V2;
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/ Exercise: \

1) If f(x) =x%—16 & g(x) =+/x. Then find (gof)(x)
Hence find the domain of (gof)(x).
1) If f(x) =2x> +3 & g(x) = 3\/? . Then show that

(fog)(x) = (gof)(x)
(iti) If £ (x) = —. Then find that f f(f (x)).
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Families of Essential Functions and Their Graphs

Linear Functions

f(x)=mx+b>b
YA VA
b b
0 X 70 X
fix)=b fix)=mx+b
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Power Functions

fx) = x"
VA YA

/ \y
0
=X f(x)

A VA

=¥
\:“
=Y
=

= x* flx)=x

fly=x* fix)

Root Functions

fo) =Vx




Reciprocal Functions

1
f(x)=g

_““m\i X 0 X i\V) X 0 X

foy= f)=1s f0 =1 f0=1a

Exponential and Logarithmic Functions
f(x) =b*and f(x)log, x

YA YA VA
-
0 1 X
1 1
- \\’*
0 X 0 '
flx)=b" (b>1) flx)y=b" (b<1y flx)=log,x (b>1)

f UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL



Trigonometric Functions

f(x) = sinx, cosx, tanx

f(x)=sIn x | y
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Transformations of Functions

Vertical and Horizontal Shifts:

Suppose ¢ > 0.To obtain the graph of
y=flxj+ec

y = f(x) + ¢, shift the graph of y = {(x) a distance c

units upward
y=Jflx+c) y=flx—c)

y = f(x) — ¢, shift the graph of y = f(x) a distance c y =Jx)
units downward //\j ﬂ/\: 7/\/
/\J

y = f(x + c¢), shift the graph of y = {(x) a distance c

Y

units to the left

y=flx)—c
y = f(x- c), shift the graph of y = f(x) a distance c

units to the right
Translating the graph of f
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Vertical and Horizontal Stretching and Reflecting:

Suppose ¢ > 1. To obtain the graph of

y = cf (x), stretch the graph of y = f(x) vertical
by a factor of c

y = (1/c)f (x), shrink the graph of y = {(x)
vertically by a factor of c

y = —f(x), reflect the graph of y = f(x) about th
X-ax1s

y = f(—x), reflect the graph of y = f(x) about th

y-axis

VA
(c = 1)
y=fl{—x)
\/\ /\, v = fix)
L~ =t
0

Stretching and reflecting the graph of f

=Y
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y = f(cx), shrink the graph of y = f(x) horizontally by a factor of c
y = f(x/c), stretch the graph of y = f(x) horizontally by a factor of c

y=CO0SX

Stretching and reflecting the graph of f
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LIMIT OF & FUNCTION

LIMIT:

If the values of f(x) can be made as close as we like to ‘L’ by taking values of x sufficient close
to a (but not equal to a), then we write

lim f(x) =L

X—a

Which is read “the limit of f(x) as x approaches ais L” or “f(x) approaches L as x approaches a”.

| A
y—A——-.__.____ y=L+e¢g Y
flx) | ‘ }a I L+'S\ \ yv=L+e&
isin | Lyt i ottt /4 | <~ -
here ‘ }‘3 \\ / S i — — o /
y=L—eg v L_S/T oy p—
0 /o N S
a—h a+h | : _
when x is in here 0 / a \ X

(x # a) a—h a+h
Graphical representation of “limit of a function” at a point
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Left Hand Limit;

If the values of f(x) can be made as close as we like to “L” by talking values of x

sufficiently close to “a” (but less than a)

Then we write

L.HL.= lim f(x) =limf(a—h) =L
X—-a~ h—0

Right hand limit:

If the values of f(x) can be made as close as we like to “L” by talking values of

x sufficiently close to “a” (but greater than a)

Then we write

RH.L= lim f(x) =1limf(a—h) =h
xX—>a~ h—0
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Fundamental properties of limit:
(0 lim{f(x) £ g(x)} = lim f(x) £ lim g(x)

(id) Jlim{f () x g(0} = lim £ (x) x lim g(x)

lim f(x)
(iii) lim 22 = 222" "~ . 4(3)%0

xoadgx) }Ci_I}Cllg(x)

(iv) lim{cf (0} = ¢ lim £(x)

(v) Hm{f(x)}" = [lim f(x)]"
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Some Important formulae:

n n

o lim 2—% = pgn-1
xX->a X—a _
: X iy SIDX _ n(n+1)
© 9151_13(1) sin x ,lcl_rf(l) X 1 o 1+2+3+. . n=—
. X . tan x
o Jm t = lim =1 n(n+1)(2n+1)
¥20ERA 20 8 o 12422432+, .......... +n = -
o lim(1+x)x=1
x—0 X ,
. e*-1
o lim =1 o 13+23+33+. ... +n = {n(n+1)}
x—-0 X 2
Ii In(1+x) _ 1
© xl_rf(l) x o 1—cos 20 = 2sin?%6
. 1
o lim(1+-)*=e
X—00 X
.oa*-1
o lim = In(a)
x—->0 X
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Question: Find the value: Question: Find the value:

2_
(i) lim X Axra 3x3+20x2+2

2 v i) lim
x—2 X7+x=6 ( )x—>oo 6—20x2—4x3

Solution; lim 220" +2

x—00 6—20x2—4x3

Solution:  y;, x*-4x+4

: 3
= lim —=
_1 x2—2.x.2+22 X — 00 x3(x_3_7_4)
_xl—rg x243x—2x—6
20 2
lim —— &2 = lim o2
= — 6 20
x—2 X(x+3)—2(x+3) X500 —3—""—4
=lim (x=2)°
x—2 (x+3)(x-2) 20 5
34+ 4 =
. (x=2) — o0 00
=lim 6 20
x—>2 X+3 o ZUu 4
[0'e) [0'e)
=== __ 34040
243 — P,
=0 B X
4
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ey e V4x2-2
(iii) lim
x—>—o0o0 3x+1
Solution: i3

lim !

x—>—00 3x+1

’ 2

— 4___

= lim 1x2 [since\/x_ = x| ={—x;x <
X O]
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Solution:

12+22432%+--+n?

(iv) %l—r}olo n3

1242243%4.--4n?

lim -
n—>00 n

. nn+1)(2n+
= lim 2 )g )
n—oo 6Mm

n3(1+)(2+7)

= lim -
n—oo 6Mn

(1)

=lim

n—>00

_(1+)(2+2)

6

Solution:

(V)nl—r>rc>lo n3

12+22+3%+--+n?

12 +2% 432+ .-+ n?

im

Nn—oo n3

34771
2
2 21
g.aS
3 2 3 2
« 2 qlG71)-GD=18 17
2 14




Solution:

(v) lim

n—00

5n+1 _|_7n+1

5n_7n

5n_7n

’since 0< 2 <1 ~ (E
7

) =0

Solution:




COS7X—Cc0S9x

(vii)lim
x—0 C0S3X—C0S5x

Solution:

COS7X—C0S9x

lim
x—(0 COS3X—C0S5Xx

- 2 Sin(7x-;9x)lsin(9x;7x)
=lim

. 3X+5x . ,5X—3X
x—>0231n( 5 ).sm( )

sin 8x.sinx

=]lim — ,
x-0 sin4dx.sinx

2sin4x.cos4x

=lim |'*sin2A = 2sinA. cosA]

x—0 sindx

=lim (2 cos 4x)

x—0

= 2cos0
=2X1

=2

2

(viii) lim ——=
x—2 3—Vx2+5

Solution:

lim 4
x—2 3—Vx2+5

lim (4—x2)(34+Vx2+5)
x52 (3=VxZ+5)(3+VxZ+5)

—lim (4—x2)(34+Vx2+5)
Cx>2  32—(Vx%+5)

lim (4—x2)(34+Vx2+5)
x>2  9-(Vx%+5)

.2
~lim (4—x )(3+\/2 x?%+5)
xX—2 (4—x4)

=lim (3 + Vx? + 5)

X—2
= (3 +Vx?+5)

=349 =6
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tanx—sin x

(|x)9161_r)r(1) sin3x

Solution:

tanx—sin x

lim —
x—-0 Sin°x

=lim -
x—-0 Sin°x

1—cosx

=lim
x—0 cosx(1—cos?x)

(1—cosx)

=lim

x—0 €0S x.(1—cosx)(1+cos x)

. 1
=lim
x—0 €Oos x(1+cos x)
_ 1
cos 0(1+cos 0)
1 1

T1(1+1) 2

. e*+e *-2
(x)lim c e
x—0 X

Solution:

o eft+e™ -2
lim
x—0 X

e (e*-1)+(e*-1)
x—0 X

e*—1 e*-1

=lim[ + |

x-0 X X
. eX*—-1 . e*—1
=lim + lim
x—->0 X x-0 X
=1+1

=2
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EXERCISE:

.. x34+x%2-5x+3
(i) lim
x—1 X3-3x+2

(ii) Lim (Vx2 4+ x — x)

X— 00
T 1 cos 3x
(iii) lim | =5 — —;
x—=0 \X X
. . 1 1
(iv) lim (— — )
x—0 \x e*-1
. 1—-2cos x+cos 2x
(v) lim -
x—0 X
4. Sec3x—tan3 x
(vi) lim
PO tan x
2
..y 7:._ COS 3X—COS 5X
(vii) lim

x—0 X2

\
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Existence of limit of a function f(x) at x = a.
The limit of a function f(x) at x=a that Is }Cirrcll f(x) exists If

(i) L.HL :xlirgl_ f(x) =L (exists)

(i) RH.L :xli_)rgl_l_ f(x) = L (exists)
(i) L.HL=R.H.L

Left Hand Limit:

If the values of f(x) can be made as close as we like to “L” by talking values of x sufficiently close

13 7

to “a” (but less than a)

Then we write
LHL= lim f(x)=Ilimf(a—h) =1L
x-a~ h—-0

Right hand limit:

If the values of f (x) can be made as close as we like to “L” by talking values of x sufficiently

13 7

close to “a” (but greater than a)

Then we write
RH.L= lim f(x) =limf(a—h) =L
xX—->a~ h—0
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) (1 :
Question: w2 XSS
Let,f(X):<x2—5;—2<XS3
L Vx + 13 ;X >3

Find (i) }Ci_rgf(x) (i1) chi_r)r(l)f(x) (1) Li_rgf(x)

Or does limf(x) exist? If exist then find it.

X—3
: (1 2
Solution: 4z e
Given that, f(x) = { x — 5. —2<x<3
\Vx + 13; x> 3

(i) If x > —2" then f(x) = —

xX+2

lim fG) = fim (2= h) = lim e T im = (G X = e

If x > -2 then f(x) = x* -5

- lim fOG) = lim f(=2+h) = lim{(=2+ h)*=5} = (=2+0)* =5 = —1

£) UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL



Since, lim f(x) # lim f(x)
x——2%

X—>—=2"

So lim2 f(x) doesnot exist.
xX——

(i) fx—>0Torx— 0" then f(x) = x* -5

y 1 — | 2 _ = — = —
o }lcl_r)rcl)f(x)— ilzl—r%f(x 5 =0-5 5

(iii) IF x— 3~ then f(x) =x* —5

v lim f(x) = lim (x*—-5)=32—-5=4
X—3" X—3"

If x— 37 then f(x) =+x + 13

+ lim f () = xliglJr(\/x +13) = lim (V3 +13) =4

xX—3

Since, lim f(x) = lim f(x) =4
xX—3~ x—3t

+ lim f(x) = 4

£) UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL



CONTINUITY: YA

y=flx)
A function f is said to be continuous function at x = a provided fix)
the following conditions are satisfied: HPP‘-’EH;?hES T
&f

(1) f(a) is defined

(i) }Cl_r)lcll f(x) exists /—\

(ifi) lim f(x) = f(a) 1.e. lim f(x) = lim f(x) = f(a)

-
0 — (] -— X

as x approaches a
f Iscontinuous atx = a
Y

DISCONTINUITY: /r(x)
If f£(x)Is not continuous atx = a then it is called / + -

discontinuous

f Is discontinuous at x = a
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Question: The real function f is given by

f@) =172 X

L 3 X =2

Show that the function f is discontinuous atx = 2. Define the function f is such a way that it is
continuous at x = 2

x%—4
Solution: Given that f(x) = { %2 X # 2
3 ;x =
\
When x = 2 then f(x) = 3
Jim fGO=lim £(2 — R) lim f(0)=lim f(2 + h)
—h)%— _yi (2+R)%-4
=Illi_r)r(1) ((22—111))—24 ilzl—% (2+h)-2
. (2-h+2)(2-h-2) —lim (2+h+2)(2+h—2)
:}lll_r)r(l) (2—h-2) h—0 (2+h-2)
=}llirr(1) (4 —h) :}lli_r)r(l) (4 +h)
=4-0=4 =440 =4
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» lim Q) = lim f(x) # f(2)

X—2~

So that function f (x) is discontinuous at x = 2.

2"d part:

For the continuity f(x) Is defined at x = 2 in the following way.

‘

f(x) = 4

x—2
4 ;X =
\
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Question: N - |
At x = 0 and x = 1 discontinuous the continuity of the function

f: R > R where,

(%2 +1 rx <
0<x <
fay=4 1 0sx<1
— x> 1
| X
(.2
" +1 oy <
Solution: X »
Giventhat f(x) =1 X ;0=x<1
z x> 1
. X
Atx =0 Atx=11. 1. {1 1
lir(r)l+f(x)= li%l+(x)=0 anll"‘f(x)_xg{l"';_I_
X— X—
Jim f(x) = lim (x* +1) =0+1=1 lim f(x) = lim x =1=1

Whenx =1then f(x) =x. ~ f(1) =1~

lim, £() = lim () = £(10

So, f(x)Is continuous at x =1

~ lim f(x) # lim, f(x)

So, f(x)is discontinuous at x = 0
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Question: (14 2x —2<x<0
Let,f(x) = { 1—2x 0<x <

—1 4+ 2x ;—le

\ 2

Find lirr(l) fx) & lirq f (x) and the test the continuity of the function f(x) at x = 0 and x = %
X—

X—>=
2

Solution: (1 +2x i~
Giventhat, f(x) = ¢ 1—2x 10 <

IA

NI AR

<0
1
2

V.

L—1+2x P —X
Here, lim f(x) =1lim f(1—-2x)=1-0=1 And lim f(x)=1lm f(1+2x)=1-2x0)=1
x—0t x—0t x—-0~ x—0~
~lim f(x) =1
x—0

Again, if x = 0then f(x) =1 - 2x
~f(0)=1-2x0=1

~ lim f(x) = £(0)

So, f(x)is continuous at x =0
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Again, lim f(x) = lim (-1 + 2x) And lim f(x) = lim (1+ 2x)

x- ()t x>t x-()" - ()"
= —1+-x2
— 0 =1-2x2
=0
s lim f (x)=0
ol

2

Again, if x = 0then f(x) = -1+ 2x = f(

N |-

)=—14-x2=0

1
lin} fx)=f (E)

X

2

So, f(x) is continuous at x = %
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/Exe rcises:

(i) If f(x) = \/fs:;ﬁl X # % Find the value of f (%) s0 that f(x) becomes continuous at x = % . Ans: %
(
e%—l o + 0
(i) Show that the function f given by f(x)=¢ 1. . ' I IS discontinuous at x = 0
\O ;if x=0
([ —x x <0
(111) A function f(x) Is defined as follows f(x)=1 x ;0 < x <1 Discuss the continuity at x = 1
\ 1—x ix =1
(1 r—oo < x <0
. I1
(iv) Let, f(x)={ 1+ sinx ;0SX =7 testthe continuity at x=0 &g
e U
L2+(x 2) ;5 S x <o
| fﬁ x < =2
\ (v) Let, f(x)=1 42 — & 2 <y <3 Show that f(x) Is continuous at x = 3. But discontinuous at x = —2 /
\ ! — /
\Vx +13 ;X >3 e
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DIFFERENTIABILITY

The derivative of y = f(x)with respect to x (for any particular value of x) is denoted by f'(x) or —

Differentiability of a function:
dy
d

and defined as,

dy _ . flc+8%) - f()
1m

dx  Ax—0 Ax
. fx+h)=fx)
= lim
Ax—0 h

Existence of Derivative:

A functiony = f(x)is called differentiable at x = a if the left hand derivative and right hand

derivative both are Equal at this point that is,

L.H.D = |im L8~ N(@ and R.H.D = lim 8 N(@

are both exist and equal.

UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL



Question' (%2 +1 whenx < 0
~ Afunction f(x) is defined as follows f(x) =4 ¥  when0 <x <1
— whenx > 1
\ X
Discuss the differentiability at x = 0 andx =1
Solution: (x?+1  whenx <0
Given that,f(x) =< X when0 < x <1
1
— whenx > 1
\ X
— . (0—h)—f(0) B
Forx=0 1 H.p = lim 22 R.H.D = lim W=/
” h—0 h
= lim L=/ _ e f()=£(0)
#1’18 —h B ;zlf% h
_ . {(=R)*+1}-(0%+1) . h={(0)2+1}
- 'lill’?g —h - ilzll;% h
— lim h?+1-1 B limﬂ
 h5>0 —h  h50 h
mi = i _ —tim(1-Y) =—
= fim =5 = lim(-h) =0 fm (1-3) ===
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“L.H.D # R.H.D.
So, the function is not differentiable at x = 0

Forx =1
. fA+h)—-f(1)
1—h)—f(1 —
CHD = limf( ) —f(1) R.H.D = lim A
h—-0 —h
1-h—-1 1
= | ———1
h—-0 h
. —h
= lim—
h—-0 —h _ l 1-1—-h
- hll?% h(1+h)
= lim(1)
h—0 . -1
= lim—
=1 h—-01+h
_ 1
" 1+0
= —1

Since, LLH.D # R.H.D
So the function is not differentiable at x = 1




DIFFERENTIATION

« The derivative is a mathematical operator, which measures the rate of change of a quantity relative to another

guantity. The process of finding a derivative is called differentiation.

« There are many phenomena related changing quantities such as speed of a particle, inflation of currency,

Intensity of an earthquake and voltage of an electrical signal etc. in the world. In this chapter we will discuss about

various technigues of derivative




Derivatives of Elementary Functions:

1.% (c) = 0,Where c is a constant.
3L (x™) = nx"1
— .

ad - x\ _ x
5.dx(e ) = e*.

d —
2; (X) =1

1

4o (V) = 5=

ad - ox\ _ x
6.dx (a*) = a*lna.

d 1 d , .
7. — (Inx) = ~. 8. — (sinx) = cosx.
d . d 5
9.— (cosx) = —sinx. 10.— (tanx) = sec“x.
dx dx
d d 5
11.— (secx) = secxtanx 12.— (cotx) = —cosec“x
dx dx
13. 2 (cosec x) = —cosec x cot x 14, < (sin"!x) = .
" dx " dx V1-—x2
2 (cos~1yx) = —2 2 (tan~1 x) = —
15. — (cos™" x) = = 16. — (tan™ " x) = —
2 (cot~1yx) = —2 4 (sec™lx) = —
17. — (cot™ x) = — 18. — (sec™ x) = e
a -1,) —_—1 a — . av du
19. — (cosec™ x) = e 20. — (uv) = u — T U—
d d d (u\ ve-uss
el vy — 4,V 2 ~(Z) = dx dx ;
21. — (u) =u — (vinu) 22. — (v) > Where u and v are functions of
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Sum and Difference Rules:

If f and g are differentiable at x, thensoare f + g and f - g and
LIF00) + 900 = Z[F@)] + = [g(x0)]
= [f(0) = g = —[f ()] = - [g ()]

Example:
Find the differential coefficient % of the following functions,
4
i)y = x5 (ii)y = 3x% —2x> - 5x + 8
_ Wx—2x
()y =—%=
Solution: 4
@ %:%(xg) (ii) ﬂ=i(3x8—2x5—5x+8)
I = dx dx
=g X® = 24x% — 10x* — 5
4 —1
= —-X5
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dy Vx — 2x \/_ 2x 2x
e R

(i) dx - dx Vx Vx

=21 —2xxz ] =Ll — 22l = L1 - 202

Product Rule:

If u and v are functions of x, (u = f(x) and v = g(x)), then % (uv) = ud% (v) + v% (u)

Example: . Find the differential coefficient Z—Z of the following functions,
()y =x3Inx (ii) y =x%cot™1x

Solution:
(i) Given that,y = x3Inx
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Differentiating with respect to x then we get,

v _ 4,3
dx  dx (x lnx)
34 d .3
=x°>—(Inx) + Inx—(x
dx( ) dx( ) %(xn)znxnﬂ

= x3.£+ In x(2x2)
LAy 2 2 — = —
n= =X+ 2x I (Inx)

(i) Given that, y = x* cot ™1 x a4 iy "1
dx (cot™ x) 1+ x?2

Differentiating with respect to x then we get,

dy
dx

_ a2 -1

=— (x“cot™ x)

= x22 (cot™1x) + cot™ 1 x = (x2)
dx dx

-1
-2 (2
1+x

d _
£ =2x cot™lx — ——
dx 1+x

) + cot™! x(2x)

x2
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Quotient Rule:
v%(u)—u%(v)

2

If u and v are functions of x, (u = f(x) and v = g(x)), then %(%) =

Examp|e; Find the differential coefficient <2 of the following functions,

dx

o\ 2X%+5 . __ cosx
(I)y " 3x-4 (”) Y= 1+sin x
Solution:
N~ _ 2x%+45
() Given that, y = -

Differentiating with respect to x then we

get, _12x%-16x-6x2-15
dy d (2x%+5 - (3x—4)2
dx  dx ( 3x—4 )
o dy _ 6x%-16x-15
B (3x—4)d%(2x2+5)—(2x2+5)d%(3x—4) Tdx T (3x—4)?
B (3x—4)2

_ (Bx—4)4x—(2x2+5)3
- (3x—4)2

UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL



COS X

(1) Given that, y =

1+sin x

Differentiating with respect to x then we get,

dy_d( COS X )
dx dx\1+sinx

. d d .
_ (1+sin x)a(cos X)—CoS xa(1+sm X)

(1+sin x)?

— sin x—sin?x—cos?x

(1+sin x)?

— sin x—(sin’x+cos?x)
(1+sin x)?2

_ —sinx — 1
(1 +sinx)?

_ —(sinx +1)
(1 +sinx)?2

dy 1

dx 1+sin x
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The Chain Rule:

If g is differentiable at x and f is differentiable at g(x), then thecomposite function F = fog
defined by F(x) = f(g(x)) is differentiable at x and F’ is given by the product

Fi(x) = f'(g(x) » g'(x)

In Leibniz notation, if y = f(u) andu = g(x) are both differentiable functions, then
dy dy du
dx du dx

NOTE:

In using the Chain Rule we work from the outside to the inside. Formula 1 says that we

differentiate the outer function f [at the inner function g(x)] and then we multiply by the

derivative of the inner function

d
_ ! !
f (gx)) = f (gx)) - g'(»
dx 1 y J " g J \ g ; " g J \ g J
outer evaluated derivative evaluated derivative
function at inner of outer at inner of inner
function function function function
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EXAMPLE:

Differentiate (a) y =sin(x?) and (b) y = sin®x

SOLUTION:

(a) If y = sin(x?), then the outer function is the sine function and the inner function is the

sguaring function, so the Chain Rule gives

dy B d , , B ) _ ,
—— = — sin (x2) = COS (x?) X
dx dx —_— — —_— — — —
outer evaluated derivative evaluated derivative
function at inner of outer at inner of inner
function function function function
= 2x cos(x?)

(b) Note that sin’x = (sinx)?. Here the outer function is the squaring function and the

iInner function is the sine function. So the Chain Rule gives

dy d ,. .
= (sin x) = 2 -« (sinx) *+ cosx
dx dx § -— §
inner derivative evaluated derivative
function of outer at inner of inner
function function function
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Function as Power of another Function:

If u and v are functions of x, (u = f(x) and v = g(x)), then % (u?) = u”% (v In(w))

Example:
Find the differential coefficient Z—i’ of the following functions
()y = (sinx)"* (i) y = x* + (sinx)n ¥,
Solution:

(l) Given that, y = (Sinx)lnx
Differentiating with respect to x then we get,

dy _ d = (sinx)lnx Inx.—.cosx + In(sinx).—
— = —{(sin x)n x} X X
dx dx

LAY i ] 1 - 1
_ (Sinx)lnx%{lnx In(sin x)) o= (sinx)™~* [ln X.~.COSX + ln(smx).x]

= (Sinx)lnxllnx %{ln(sin x)} + In(sin x).% (In x)]
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(it)

Given that, y = x* + (sinx)™*

Differentiating with respect to x then we get,

ay _ 4 [ x : In x
dx—dx{x + (sin x) }

d d (, .
=— (x*) + - {(sinx)!n¥}
X d . In x d 1
=x*— (xInx) + (sinx) — {In x In(sin x)}
_ X0, L
=X (x.x +

Inx) + (sinx)™ x{ln X.——.cosx + ln(smx)}.

Sin x X

Z—z =x*(1 +Inx) + (sin x)lnx{ln x.cotx +

In(sin x)}

X
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Differentiation Parametric Equations:
If in the equation of a curve y = f(x),xand y are expressed in terms of a third variable

known as parameter that is, x = ¢(t),y = ¥(t) then the equations are called a parametric

equation.
dy
. ay _ at
If both x and y are function of t then Tx . dx
dt
Example:

Find the differential coefficient % of the following functions:

(i)x=a(t+sint),y=a(l-cost) (i) x=a(cost+tsint),y=a(sint -t cost)

Solution:
(i) Given that, dy _
dy ar asint
= t + sint 1 NOW’d - ‘Cil; ~ & (1+cost
x = a( sint) ... .. (1) x = ( )
andy = a(l — cost) ........ (2)
. o _ Zsingcosg
Differentiating (1) and (2) with respect to t so we get, = ot
COS“—
2
ax - a(l+ cost)
dt dy t
L= =tan-
dy _ dx 2
and— = asint
dt
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(i) Given that,
x = a(cost + tsint) ......... (1)
andy = a(sint — tcost) ........... (2)

Differentiating (1) and (2) with respect to t so we get,

d . .
d—f = a(—sint + tcost + sint)

= atcost

d .
and = = a(cost + tsint — cost)

dt
= atsint
dy
dy _ a4t
Now, o, dx
dt
__at sint
" at cost
dy

x = tant




Implicit Function:
When the relationship between x and y is expressed by an eqguation of the form
f(x,y) = 0, 1t is often very difficult or even impossible to express y as a
function of x. In such cases, y is called an Implicit function of x.
Example:
(i) x*+y? = a?
(i) x* + xy + y* =4

Process of Implicit Differentiation:

Step 1: Differentiate both sides of the equation with respect to x

Step 2: Treat y as a function of x, so % (y) = Z—i’
Step 3: Solve for Z—i’ after differentiation
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Example 1:
If xPy4 = (x + y)P* then find >

Solution: _.
Given that xPy? = (x + y)P*4

Taking In in both side we get

plnx + glny = (p+q) In(x + y)

Differentiating both sides with respect to x, we get

d t d +q]d +
PLa44dy_p q(l_l__y)m,[q pq]yzpq 4

x y dx  x+y dx ;_x+y dx m_;

d
or, (qx + qy —py — qy) =~ = pz + qx — px — py

d
or, x(qx — py) =~ = y(qx — py)

dy y
or, —=-.
dx X
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Example 2:

Find the differential coefficient % of the function x¥ + y* = a?

Solution:
Given that x¥ + y* = a?

Differentiating both sides with respect to x, we get
in( Inx) + xi(xln )=20
dx Y Y dx Y
vy L xcX 4y _
or, X (x + dx.lnx) +y (y.dx +Iny)=20
or, yx¥ 1+ y*lny) + (x¥V Inx + xyx_l)Z—i =0

dy _ yxY"l+y*Iny

U dx xY In x+xyx—1
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Successive Derivative:

If y = f(x) be a function of x, then the first order derivative of y with respect to x is denoted by

2@, oy, y®, fO) et

Again, the derivative of the first order derivative of y with respect to x is called the second order

derivative and is denoted by
—= (%), y,, ¥P, f@Ox) etc.

Similarly, the nth derivative of y with respect to x is denoted by

dn
o [, v v, f) ete.
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Example: 1fy =3x*—4x3+3x2+2x +5thenfindy’, y", y", y®

Solution: Given that the functionisy = 3x* — 4x3 + 3x%+2x+ 5
y

Then,y’=%(3x4—4x3+3x2+2x+5)
= 12x3 — 12x° + 6x + 2
p__d N d 3 2
y'=— (") =—(12x> — 12x° + 6x + 2)
= 36x* — 24x + 6
pr_ d my_ d 2
y' ' =—(y")=—_-(36x" — 24x + 6)
= 72x — 24
d 77 d
y® =—(y"") = (72x — 24)

=72
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Example 1: Find the differential coefficient Z—z of the following functions:

i)y = x" (iij)y = ey (iii) y = cos(ax + b)
Solution: (i) Giventhat,y = x"

Differentiating with respect to x so we get,
yp = nx"
y, = n(n—1)x""*
ys = n(n—1)(@n - 2)x"
Similarly,
Yp = nn=1)M—-2)[n—(m—-1)x""
=nn—-1)n-2)--3.2.1

= nl
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(i) Giventhat,y = e* (iii) Giventhat,y = cos(ax + b)

Differentiating with respect to x Differentiating with respect to x so we get,
y, = —asin(ax + b)

SO we get, T
= acos [— + (ax + b)]
— ax 2
y, = ae _
y, = —a’sin|= + (ax + b)
3’2 — azeax 2
Vs = de™ = a‘cos [2% + (ax + b)]
e
Similarl ys = —a’sin E + (ax + b)]
Y X -
S = a’cos [35 + (ax + b)]
=

Similarly,

Yn = a’cos lng + (ax + b)]
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LEIBNITZ'S THEOREM:

If u and v are any two functions of x such that all their desired differential coefficients exist, then

the n-th differential coefficient of their product is given by

dm (uv) = d™u v+ e d"tudv n, d"?ud?v 4 d*"udv L d™v
dx™ dx™ Laxn-1dx - 2 dxn—2 dx2 T dxn—T dx" C T dxn
or,
dm () d™u . d* tudv . n(n—1)d" ?ud?v . . n! d* Tud"v . . d™v
— uv — _v n oooooooooooo u_
dx™ dx™ dx™1dx 2! dx™ 2 dx? r'(n—r)ldx"7"dx" dx™
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Example 1:
If = sin(m sin™! x) then show that (1 — x%)y, — xy; + m?y =0 and deduced that

(1= x*)ypiz — 2n + Dxyp — (> —m?)y, =0
Solution:

Given y = sin(msin™1 x)

Differentiating both sides with respect to x, we get

m

Vi1-—x?2

y; = cos(msin~1 x)

= (1 —x*)y*, = m?*cos*(msin~"' x) [squaring both sides]
= (1 —-x*)y*, =m*—m?sin*(msin™" x) = m* —m?y?
= (1 —-x%)y*, +m?y* =m?

Now again differentiating both sides, we get

(1 —x2*)2y,y, + (=2x)y{ + 2m?yy; = 0

= (1 —x%)y, — xy; + m?y =0
(showed)

UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL




Again differentiating both sides in times by Leibnitz's theorem

ﬁ{(l — xz)yz} T qan (xyl) + m? o (y) =0

Tl(Tl 1) dn—>2 qn-1

= (1 —xz)—(yz) +n(=2x) = (=2) == (v2) —xdxn 1) —n_Z= () + m?y, =0

dxn— 1(y2)+

n(n-1)

= (1 = x*)Yn42 — 2NXYn41 — 2V — XYpy1 — MYy + M2y, = 0

(showed)
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Example 2:

If y = a cos(In x) + b sin(In x) where and are constant, then show that (1 — x?)y, — xy; + m?y =0

and deduced that (1 — x%)y,.4, — 2n+ Dxy, 1 — (> —m?)y, =0

Solution:  Given y = sin(m sin™ x)

Differentiating both sides with respect to x, we get

m

V1—x2

or, (1 —x*)y*, = m?cos*(msin~" x) [squaring both sides]

y, = cos(msin™! x)

2 2

o, (1 —x*)y*, =m*—m?sin*(msin™" x) = m* — m?y?
or, (1 —x%)y? +m?y? =m?

Now again differentiating both sides, we get

(1 —x2)2y,y, + (=2x)y% + 2m?yy,; =0

. — 2 - 2 —
~(1=x%)y, —xy, + m-y O(Showed)
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Again differentiating both sides in times by Leibnitz's theorem,

or, L {(1 — x2)y,} — o (xyy) +m2 2 () = 0

dxh

an dnl

or, (1 — x2) 2 (v,) + n(=2x) 2o () + 222 (=2) L2 (37) — x (1) = s (1) + M2y, = O

n(n—-1)

or, (1 — xz)Yn+2 — 2NXYniq — 2Yn — XYn41 — NYn + mz:Vn =0
or, (1 —x*)Yn42 — Cn — Dxypg — (n* —m?)y, =0

(Showed)
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fxercises: \
(i) If Iny = tan"!x then show that,(1 + x?)y,., + @Cnx + 2x — 1)y,,.; + n(n + 1)y, =0

(i) If y = sin{a In(x + b)} then show that ,
(1) (x + b)?y, + (x + b)y; + a’y = 0
(2) (x + b)*yns2 + Cn+ D(x + b)ypss + (n* +a*)y, =0

(iii) If y = eMm0S™" X then, proved that (1 — x2)y,.., — 2n + Dxy,,1 — (n% + m?)y, = 0

(iv) Ify = (x + Vx2 + 1)m then proved that (1 + x?)y,.4., + 2n+ Dxy, .4 + (n?> + m?)y, =0

(V) If y = In(x + Vx2 + a2) then show that,(x% + a?)y,.2 + 2n + Dxy,eq + n?y, =0
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Velocity is the differentiation of displacement with respect to time .

- ds
~ Velocity v = —

Acceleration is the differentiation of velocity with respect to time.

i dv d?
- Acceleration a = — =73

Question:

If the displacement of a particle moving along a straight line at time t Is expressed by
s = 63t — 6t% — t3,then after 2s, find (i) displacement, (il) velocity, (iii) acceleration.
Solution:  Given,s = 63t —6t2 —¢t3......... (i)
Putting t = 2 at (i)

> s =63X%X2-6X%X2%—(2)3
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=>s =126-24-8
s =94m
= After 2s, the particle's displacement = 94 m

Again, the rate of change of displacement with respect to time is velocity.

~.Differentiating both sides of (1) with respect to t,

ds _ d 42 43
= =2 (63t — 6t — t)

> v = ;—t (63t) — % (6t2) —% (£3) [+ velocity, v = %]
> v =63—12t — 3t?...... ... (ii)

Placingt = 2 in (ii), we get
vV=63—12X2—3x 2%

=> v = 27 m/s

=~ After 2s, the velocity of the particleis 27 m/s.
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-~ Differentiating both sides of (i) with respect to t,

W -2 (63 — 12t — 3t?)
dt dt

— 2 (g3 & _ 9 a2y, 4= @Y
> a= 2 (63)- = (120~ 2 (3¢?) [+ a= 2]

= a=0-125-3(t?)

= a=-—12—-6t
ca=—(124+6t)......... (iii)
Placingt = 2 in(iil),a = —(12 + 12)

wa=—24m/s* (Ans.)
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Critical number:
A critical number of a function f is a number ¢ in the domain off such that either f '(c) = 0 or

f '(c) does not exist.

Question:
3
Find the critical numbers of (a) f(x) = x3 — 3x% + 1 and (b) f(x)=x5 (4 — x).

Solution:
(a) Giventhat f(x) = x3— 3x%+ 1
~f1(x) = 3x% — 6x = 3x(x — 2).
Since f'(x) exists for all x, the only critical numbers of f occur when f'(x) = 0,
that is, 3x(x- 2) =0
>x=00rx=2.

Thus the critical numbers are 0 and 2.
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(b) Given that £(x)= x5 (4 — x)

~ fi(x) = x% (-1)+ @4 —x) (gx—?z>

—5x+3(4—-x)
5 x2/5

12 -8x

For critical point f '(x) = 0
thatis, 12 — 8x =0

= x =

N W

and f '(x) does not exist when x = 0.

. 3
Thus the critical numbers are > and 0.




Increasing Function:

Y

Y!
The function is increasing in the region BC. If in BC region, any three points P; (x4, y1),P,(x,,y,) & P3(x3,y3) are taken and
tangents are drawn, then the tangents make acute angles 8, 8, & 65 with the positive direction of x —axis respectively. That
IS, the slopes of these tangents tan6,, tanf, & tanf; are all positive.

That is, we can say, the value of Z—y will be positive at points P;(xq{,v1),Py(x5,v,) & P;(x3,y3). That is,

X
dy dy

dx |x=x1 >0, |x =x, >0 & |x =x3 >0

That is, the condition for an increasing function is% > 0.
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Note:

If within an interval, with the increase of x, value of f(x) increases, that is, f '(x) > 0, then f(x) is called

an increasing function within that interval. That Is, If Z—i’> 0, then the function Is increasing. The tangent at

any dx point of the increasing function makes acute angle with the positive direction of x-axis.

If within any interval, with the Increase of x, the value of f(x) decreases, that is, f* (x) < 0 then the function

f (x) 1s called a decreasing function within that interval. That Is, If Z—z < 0 then the function Is decreasing. The

tangent at any point of the decreasing function makes an obtuse angle with the positive direction of x-axis
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Decreasing Function:

The Function is decreasing in region CD in the figure. Now taking any three points P,(x,4, v4),Ps(xs,v:) &
P.(x,, Ve). In the region CD, it can be seen that the tangent drawn at these points to the positive direction of x-axis
produces angles 6,,0- & 6, respectively, each of which is an obtuse angle. Hence, the slope of the tangent will be

negative. That is, % < 0 at points Py(x4, y4),Ps (x5, ve) & Pg(xg, V).

That Is, in case of decreasing function, the condition is % <0
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AT 1 b 5 5
W N NN S - S W
XE(P O4x=d x=b Xx=cC x=d x=¢ x=f X=g X
\ 4
Yk
The graph of the above function with respect to x —axis:
- i - dy
(a, b) - increasing — 3—2: > 0 (d,e) — decreasing— — < 0
(b, c) — decreasing— Z—z <0 (e, f)— Increasing — — > ()
i ] - dy
(c,d) — increasing — Z—z >0 (f, g)— decreasing — — < 0
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Question:
Find where the function f(x) = 3x* — 4x3 — 12x? + 5 is increasing

and where it Is decreasing.

Solution:

Given that f(x) =3x* —4x3 — 12x* + 5

“f () =12x3 — 12x% — 24x
=12x(x — 2)(x +1)
For critical point f '(x) = 0
~12x(x — 2)(x +1) =0
>x=0,-1, 2

Now, x = 0,—1, 2 divides all real numbersintox < —-1,-1<x<0,0<x<2&x > 2intervals.
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20

Interval Sign of Sign of Comment
12x X — 2 f'(x)
x < —1 — — — — Decreasing on (—oo, —1)
-1 <x <0 — — + + Increasing on (—1,0)
0 < x <2 + — + — Decreasingon (0,2 )
x <2 + + + + Increasing on (2,0 )
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Maximum and Minimum:

A function f(x) Is said to have a maximum for a value a of x If f(a) Is greater than any other value
that the function can have in the small neighborhood of x = a.

Similarly, a function f(x) said to have a minimum for a value a of x If f(a) is less than any other
value that the function can have in the small neighborhood of x = a.

j‘

Abs. & Rel. Max.
!
Rel. Max. !
!
| |
| !
I I
5I1 | "f ] | "':-" X
| b : d \
I |
: Rel. Min.
Abs. Min.
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Critical Points:

The points on the graph of the function y = f(x) at which the slope of the tangent line is zero

are called Critical Points. The Critical points are obtained by solving % =0i.e. f'(x)=0.

Inflection Points:
The points at which the graph of the function y = f(x) changes its concavity are called Inflection

2
points. The Inflection points are obtained by solving % =0orf""(x)=0.

-Slope\ /

\i%oncave Up
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For the function y = f(x) we may say that at the point x = ¢

Test condition Decision

If f'(c) =0 f'(c) <0 f (x) has maximum value at c
If f'(c) =0 f"(c)>0 f (x) has minimum value at c
If f'(c) =0 f"(c)=0 Test is inconclusive
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Question:
Find the Critical points, point of Inflection, maximum and minimum values of the following
functions:

@) f(x) =4x3—9x2 +6x (b) f(x) =2x3—-3x%>—-12x (c) f(x) =x>—5x*+5x3—-1

SOIUTIONT. oy Given £(x) = 4x3 — 9x2 + 6

“f'(x) =12x% —18x + 6 and ") = 24x — 18
For maximum and minimum values (that is for critical points), f'(x) = 0
= 12x* - 18x+6 =0
=>2x*—=3x+1=0

=>02x—1)x—-1)=0

1
>x=-,1
2
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_ 1 (1) _ 1_ 19— _
Atx ==, f"(3)=24x5-18=-6<0

. 1
Therefore f(x) has a maximum value at x = =

So, the maximum value f(x) at x = % IS,

N\ (Y 5 12+6 1\ _4_ 9 ,_4-18+424 5
\z)=*\2 2 2] 8 4 T 8 4

Againatx =1, f'(1) =24x1-18=6 >0

Therefore f(x) has a minimum value at x = 1

So, the minimum value f(x) atx=11is, f (1) = 4(1)? —9(1)*+6(1) =1

Again, Inflection points are obtained by solving f"" (x) = 0= 24x —18=0=> x = %

Therefore, f G) = 4(2)3_9 G)z +6 G) - 4% B 9116 T 178 B z_;

~Point of inflection is G,z)
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(b) Given that f(x) = 2x3 — 3x? — 12x
wfl(x)=6x?—6x—12and f''(x) = 12x — 6
For maximum and minimum values (that is for critical points) f'(x) = 0
= 6x°—6x—12=0
>x*—-x—-2=0
>@x-2)(x+1) =0
>x=2—1
At x=-1, f"(2)=-12-6=-18<0

Therefore f(x)has a maximum value at x = —1
So, the maximum value f(x) atx = —1is,f(—1) = 2(—-1)3 — 3(-1)?—12(-1) = 7.
Againatx = 2, f"(2)=24-6=18>0
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Therefore f(x) has a maximum value at x = 2
So, the maximum value f(x) atx = 2is, f(2) = 2(2)% — 3(2)? — 12(2) = —20.

Again, inflection points are obtained by solving, f"(x) = 0

= 12x—-6=0
=X =~
Theretore £ (3) = 263 ;) ~12(3) =3 -3 -6 = -3
~Point of inflection is G,i—;)

(c) Given, f(x) = x> —5x* +5x3 -1
« f'(x) = 5x* — 20x3 + 15x2
= £ (x) = 20x3 — 60x2 + 30x

= f'"(x) = 60x% — 120x + 30
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For maximum and minimum values (that is for critical points), f'(x) = 0
= 5x* — 20x3 + 15x% = 0
= 5x%(x* —4x+3) =0
= 5x?(x*—-3x—x+3)=0
=>x=0,1,3
Now f'"(0) = 0and f''"(0) =30 # 0,

Therefore f(x) has no maximum or minimum values at x = 0, so x = 0 Is the saddle
point of f(x)

Again,atx =1, f"(1)=20x13-60%x1%2+30%x1=-10< 0.
So, f(x) has a maximum or minimum value at x = 1.

So, the maximum value f(x)atx = 1isf(1) =1-5+5—-1=0.
Again,atx =3, f""(3) =20x33—-60x324+30x3=90>0
Therefore f(x) has a minimum value at x = 3.

So, the minimum value f(x) atx = 3is f(3) = 3> —5.3* +5.33 -1 =-28
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Question:

An open box is to be made from a 16 inch by 30 inch piece of cardboard by cutting out squares
of equal size from the four corners and bending up the sides. What size should the squares be

to obtain a box with the largest volume?

Solution:

Let X be the length of the square to be cut out and V be the volume of the resulting box. As we are
removing a square of side x from each corner, the resulting box will have dimensions 16 — 2x by

30 — 2x by x.
Since the volume of a box Is the product of its dimensions, we have
V =016 — 2x)(30 — 2x) x
= 4x(8 — x)(15 — x)

= 480x — 92x2 + 4x3
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dv 2 d*v
Now — = 480 — 184x + 12x“ and —; = —184 + 24x
dx dx

) dv
For maximum value — = 0

= 480 — 184x + 12x% = 0
= 4(x — 12)(3x — 10)
= (x—12) (3x—10) =0

.-.x=12andx=%

As x represents a length, it cannot be negative and because the width of the cardboard is 16

! . - 10
Inches, we cannot cutout squares whose sides are more than 8 inches long. So, x = Y

2
Atx=130, Z”= 184+24><§=—104<0

x2

] 10 .
Therefore, maximum volume occurs when x = Y Inches and

I 10 10 10 19600
maximum volume = (16 — 2 X ?) (32 — 2 X ?) X =
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Question:

A garden is to be laid out in a rectangular area and protected by a chicken wire fence. What is the

largest possible area of the garden if only 100 running feet of chicken wire is available for the fence?

Solution:
Let x be the length, y be the width and A be the area of the rectangular garden.
Then A = xy....ccee..e (i)

Since the perimeter of the rectangular garden is 100 ft.,

N2x+ 2y =100y =50 —X cceevererrerrennn, (ii)
Substituting (ii) in (i)
A=x(50—x) =50x —x% ... ccscer et eee enn o (100
dA d?A

Differentiating (ii) with respect to x we have = 50 — 2x And — = —2

SettingZ—i = 0 we obtain, 50 —2x =0or, x = 25.
d?A

Since 2 < 0, Thus the maximum occurs at one of the values x = 25

s Maximum area= 25(50 — 25) = 625. Thus, the maximum area is 625 ft? occurs at x = 25
Substituting x = 25in (ii) y = 50 — 25 = 25
So the rectangle of perimeter 100ft with greater area is a square with sides of length 25 ft.
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Exercises:

(1) Find the maximum and minimum values of the following functions:
(a)f(x) = 5x% — 18x> + 15x* — 10
(b) f(x) = 12x°> — 5x* + 40x3 + 6

(c) f(x) = x; + ax? — 3a’x

(d) f(x) =2x3 —6x%—18x + 7
(e) f(x) = 3x* — 20x3 — 6x% + 60x + 15

(1) In a Mango orchard, there are 30 Mango trees per acre and each tree yields 400 mangoes. For an
excess tree per acre the number of yields reduces by 10. In order to per maximum yield how many
trees should be there per acre?

(111) A farmer can surround his rectangular garden of maximum area by an 800ft long bamboo fence.
Find its Length and Width?

(iv) A closed cylindrical can need to be made up with fixed volume. How should we choose the

height and radius to minimize the amount of material needed to manufacture the can?
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Rolle’s Theorem:

Let f be continuous on the closed interval [a, b] and differentiable on the open interval (a, b).

If f(a) =0 and f(b) = Othen there is at least one point c in the interval (a, b)suchthat f'(c) =0.

1(a) () F(b)

Algebraic Significance:
If f(x) be a polynomialin x and x = a, x = b be two roots of the equation f(x) = 0, then from

Rolle’s theorem we find at least one root of the equation f'(x) = 0 lies between ‘a’ and ‘b’.

Geometrical Significance:
From Rolle’s Theorem we get a tangent parallel to x-axis at the point ‘c’ between ‘a’ and 'b’.
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Question 1:
Verify that the functionf (x) = x? — 5x + 4 satisfied the hypotheses of Rolle’s Theorem are on the interval

[1,4], and find all values of c in that interval that satisfy the conclusion of the theorem.

Solution:
Given the function is as follows, f(x) = x? —5x + 4

The functionfis continuous and differentiable everywhere because it is a polynomial. In particular,

f is continuous on [1,4]and differentiable on(1,4).
Also f(1) =12 —-5%x14+4=0
and f(4) =4 —-5%x4+4=0

So, the hypotheses of Rolle’s Theorem are satisfied on the interval [1, 4].

Differentiating the given function f(x) with respect to x we get
f'(x) =2x —5.

Let c € (1,4) so that f'(c) = 2c —5.

UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL



From Rolle's Theorem we have f'(c) =0

=>2c—5=0
' —SE 1,4
e=2€(14)

So ¢ = g IS a point in the interval (1,4) at which f'(c) =0

Question 2:
Verify that the function f(x) = 2x3 + x? — 4x — 2 satisfied the hypotheses of Rolle’s Theorem are on the

interval [—v/2,v/2], and find all values of c in that interval that satisfy the conclusion of the theorem.

Solution:
Given the function is as follows, f (x) = 2x3 + x* — 4x — 2

The function f Is continuous and differentiable everywhere because it is a polynomial. In particular, f is

continuous on [—v/2,v/2| and differentiable on (—v2,v2) .
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Also f(—vZ) = 2(—vZ)" + (—V2) = 4(—V2) -2 = —4VZ+ 2+ 42 -2 =0
and f(V2) =2(V2) + (V2) = 4VZ—2=4VZ+2 - 4V2 -2 =0
So, the hypotheses of Rolle’s Theorem are satisfied on the interval [—\/Z \/i]
Differentiating the given function f (x) with respect to x we get
f'(x) = 6x%+2x —4
Let ¢ € (—V2,v/2) so that f'(c) = 6¢2+ 2¢ — 4
From Rolle's Theorem we have f'(c) =0
=>6c2+2c—4=0
=3c“+c—2=0
=3c?+3c—2c—2=0
= 3c(c+1)—2(c+1)=0
=(c+1)3c—-2)=0

vc=—1, % € (—V2,V2)
It shows that we get two c in the interval (—v/2,v/2) at whichf’(c) = 0.
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Question 3:

Verify that the function f(x) = (x — 1)(x — 2)(x — 3) satisfied the hypotheses of Rolle’s Theorem are
on the interval [1, 3], and find all values of c in that interval that satisfy the conclusion of the theorem.

Solution:
Given function is as follows,

flx)=(x—-1)(x—2)(x—3)
The function f Is continuous and differentiable everywhere because it is a polynomial. In particular, f
IS continuous on [1,3] and differentiable on (1,3) .
so, f(H)=1-1)1-2)(1-3)=0
and f(3)=B3-1)3-2)(3—3)=0
“fD) =£(3)

So, the hypotheses of Rolle’s Theorem are satisfied on the interval [1,3].
We have,

f(x) = (x?* =3x+2)(x — 3)
> f(x)=x3—3x2+2x—3x*+9x—6
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v fx)=x3—6x*+11x—6
Differentiating the given function f (x) with respect to x we get,
f'(x) =3x*—12x + 11
Letc € (1,3)sothat f'(¢) = 3c? —12c + 11
From Rolle's Theorem we have, f'(c) = 0
= 3c?—-12c+11=0

o= 124V144—4311 _ 12412
R 2.3 6

Taking positive sigh ¢ = 2.57 € (1,3) and also taking negative sign c = 1.42 € (1,3)
It shows that we get two ¢ € (1,3) such thatf'(c) = 0.
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Exercise:

Verify that the hypotheses of Rolle’s Theorem are satisfied on the given interval

and find all values of c¢ in that interval that satisfy the conclusion of the theorem.
(i) f(x) =x3—6x%+ 11x — 6;[—/5,V5]

(i) f(x) = x2 + 5x — 6; [—6,1]

(i) f(x) = (x — D(x — 2);[1,2]

(iv) f(x) = x? — 3x + 2;[1,2]
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Mean-Value Theorem:

Let f be continuous on the closed interval [a, b| and differentiable on the open interval (a, b).

Then there is at least one point ¢ in (a, b) such that f'(c) =L (b)=f(a)

b—a

Geometrical Significance:
The tangent to the curve at ‘c’ is parallel to the chord joining to two ends points.

¥
Tangent Line

=
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Question 1:
Verify that the function f(x) = x3 — 6x% + 11x — 6 satisfied hypotheses of the Mean-Value Theorem

are on the interval [0, 4] and find all values of ¢ in that interval that satisfy the conclusion of the

theorem.

Solution:
Given function is as follows,

f(x) =x3—6x*+11x—6
The function f Is continuous and differentiable everywhere because it Is a polynomial. In particular, f
IS continuous on [0,4] and differentiable on (0, 4). So the hypotheses of the Mean-Value Theorem are
satisfied witha=0and b = 4.
Now f(a) = f(0) =03 —6%x04+11X0—6 =—6
and f(b) = f(4) =4°—-6%x4*+11x4—-6=6
Here f'(x) = 3x% — 12x + 11. Therefore f'(¢) = 3¢c? — 12c¢ + 11
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From Mean Value Theorem, we have f'(c) = £ b)-/(a)

b—a
—>3c2-12c+11 =0 _12_3
4—-0 4

- —(-12)+/(-12)2 -4 x 3 x8

=
- 2 X3

12+v/144—-96
= C = .

Thus C = 0.845, 3.155 are lying in the interval (0, 4)
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Question 1:
Verify that the functionf (x) = x(x — 1)(x — 2) satisfied hypotheses of the Mean-Value Theorem are

on the interval [0, 1] and find all values of c¢ In that interval that satisfy the conclusion of the theorem.

Solution:
Given function is as follows,

flx)=x(x—-1kx—-2)
The function f is continuous and differentiable everywhere because it is a polynomial. In particular, f
IS continuous on [0,1] and differentiable on (0, 1). So the hypotheses of the Mean-Value Theorem are
satisfied witha=0and b = 1.
“fla)=f(0)=0.(0—1)(0—-2)=0
And f(b)=f(1)=11-1)(1-2)=0
Again, we have
flx) =x(x—-1x—2)
flx) = (x*=x)(x—2)
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= f(x) =x3 —x% —2x% — 2x
= f(x) = x3 —3x% —2x

Differentiating the given function f(x) with respect to x we get,
f'(x) =3x*—6x + 2

Letc € (1,3) sothat  f'(¢) = 3¢*—6¢+ 2

From Mean value Theorem we have,

o
o

/ f(1)—£(0)
fllo)=——"5=135=0
= f'(c) =0

=3¢ —6¢c+2=0

6+/36—4.3.2 6++/12
= C = —
2.3 6

Taking positive sign ¢ = 1.57 € (0.1) and also taking negative sign ¢ = 0.42 € (0,1)

f(b)—f(a)

It shows that we get one ¢ € (0,1) such that f'(c) = = —
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Exercise:

Verify that the hypotheses of the Mean-Value Theorem are satisfied on the given interval,

and find all values of c¢ in that interval that satisfy the conclusion of the theorem.
(D) f)=x°—4x; [-21]
(i) f(x)=x3+x-2; [-1,2]
(iii) f(x) = x3 4+ 3x% — 5x; [1,2]

(i) f(0) = x(x — D(x —2); [0,
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Concept of Integration

A function F is called an antiderivative of a function f on a given open interval if F'(x) = f(x) for all x in the interval.

The process of finding antiderivatives is called antidifferentiation or integration. Thus, if % [F(x)] = f(x) - (1)
then integrating (or antidifferentiating) the function f(x)produces an antiderivative of the form F(x) + C. To
emphasize this process, Equation (1) is recast using integral notation, [ f(x)dx = F(x) + C -+ (2) where C is

understood to represent an arbitrary constant. It Is important to note that (1) and (2) are just different notations to
express the same fact.

For example, [ x%dx = %x?’ + C is equivalent to % Ex?’ + C] = x?

Integrating

[ £(x) dx = F(x) / \2 L[ f()dx] = £
2 [x2] = 2x \ / Zf @0 dx] = Z[x?] = 2x

Differentiating
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Integrating with respect

Integral Symbol /7 to x

ff(x)dx=F(x)+C ff(x)dx

Constant of

integration

Integrand
(function we want to integrate)
Why «“C» ??7?
Integrating
X2 4+ 4, x2 2y ijdx=x2+C

x4 +100, x*-—6

Differentiating
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Some Important Formulae:

_x 8. | cosxdx = sinx+c e
1. fxndx =— + C f 16. fa2+x2 = atan " + +C
9. [sec’?xdx =tanx + c
2. f1dx=x+c : 17. faz_xz=2—:1n(z—z)+c
10.f cosec”*xdx = —cotx + ¢ )
n . _ (ax+b)ntl 18. | = —In{=—) +¢
3. J(@ax+b)tdx = mrna T C 11.[ secxtanxdx = secx + ¢ Xz_az 23 (X+a)
xVaZ—-x2 a’ . _q(x
4. [emXdy = ™ . 12.f cosecxcotxdx = — cosecx + c | 19- [Va? —x2dx = ———+ —sin~} (g) TC
m
— sin~1 20. (L@ gy = 1
5 fa¥dx =2 4 15f Fog = sin T x ke J e @x = nlf ()l +
Ina
dx _ '(x)
14. = tan"lx+c 21. [ L e = 2./F ) + ¢
6. fidx=lnx+c f1+X2 J V() fx)
ax  _ -1 [f )]+
7. [ sinxdx = —cosx + ¢ 15.) Yo uc 22. [ [fQO]™ f'(x)dx = . T C




Evaluate

(i)f3COSXdX (11)f—dx

(i) [ 3cos x dx

=3feosxdx - [feosRdeSSinae]

= 3sinx + ¢
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, 9x _4,
Evaluate f 2sin3x + 4c057 +5x3 4+ 3e 5 |dx

4
f[Z sin3x + 4cos§x +5x3 +3e75 | dx

4
= [sin3x dx+4fcos§x dx+5[x3dx+3[e™s dx

2 4 . 9 5 3
=—3c053x+33m5x+2x4+—4e 57 + ¢
2 5

2 8 . 9 5 15 2
= —2cos3x+=-sin=x+xr*—=e5" +¢
3 9”5 4 4

"
/"':‘\

<2
/72
()
4!
e
v

N/

&



Example 2:

Evaluate (i) [(e* — 5a* + 2) dx (i) fx+2\;/_3+7
Solution:
N XH2VX+7
11 dx
(i) [(e* — 5a* + 2) dx (iD) J NE
_ X 24/x 7
_fexdx—fSaxdx+f2dx zf(\/}+\/§+\/§)dx fexdx=ex+c
=e*—5[a*dx+2[dx 1 1
=€x—5%+2x+C =f(xg+2+7x_5)dx faxdx=a—x+c
Ina
1 1
=fxzdx+f2dx+f7x 2 dx fdx=x+c
x%+1 x_%+1
E tox ! +C n+1
E:l 1_E+1 andX _ X 1
n+1

=x—:+2x+7%+c

2 2

= 2(V)? +2x+ 14yx + C




Type:
yPe [ Integration }

" Definite irntegration - . o | _ h
3 Indefinite Integration
fxz dx fxz dx

(U ~1 4 (U 4
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Definite Integral

If f(x) is a continuous function defined in the interval [a, b] Upper limit of
then the definite integral with respect to x Is defined as, Integration
b / Integral with
ff(x) dx = [F(x)]2 = F(b) — F(a) b / respect to x
“ | reoax
Where a and b are called lower and upper limits of integration, ’
respectivel K
P g Lower limit of / - :
- ntegran
This formula 1s known as Newton-Leibnitz formula [ntegration

(function we want
to integrate)

Note:
 The indefinite integral [ f(x) dx is a function of x, whereas definite integral ff f (x) dx 1s a number.
 Given [ f(x) dx we can find ff f(x) dx but given f: f (x) dx we cannot find [ f(x) dx.
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Integration can be used to find areas, volumes, central points and many useful things. But it is often used
to find the area under the graph of a function like this:

A A

y y

=V

b b
j f(x)dx

Definite Integral
(from ato b)

a

f f(x)dx

Indefinite Integral
(no specific values)
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Properties of Definite integral

D) [, f@dx = = [ f()dx
2) [, fdx = [} f(z)dz

3) [ f(x)dx = [ f(x)dx + [ f(x)dx whena < e < b.

Example: §
Evaluate (i) f_13(6x2 — 5x +2)dx (ii) fOE cos?x dx

Solution:

(i) f_13(6x2 — 5x +2)dx




(2><13+51?2—2><1)—(2x(—3)3+5(_§)2—2x(—3))

=(2+2-2)—(-54+2+6)
5 51
(ii) fogcoszxdx

TT
13 2
= Efoz cos?x dx sin mx

Jeosmxdx =——+c
s eos20

I
N | = N | =
~~
NS
+
%
NS
N
N
N~
I
VY
-
+
W
N‘S
o
N—"
L—
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Method of Substitution:

Integration by substitution, also known as "u-substitution”, is a technigue that simplifies integrals by
making a substitution. The exact substitution depends on the integral's form, but here are some steps you
can follow:

Identify the integral in the form [ f(g(x))g’(x)dx

Substitute the independent variableas g(x) =t
Differentiate the assumed function with respect to t
Substitute for the dependent variable, such as g'(x)dx = dt
The resultant integral after substitution becomes [ f(t)dt

Solve the integral using basic integration rules

~N o g B~ w D

Convert the result back to terms of x by substituting t with the original independent variable

If integrand £ (x) = g(x).g'(x) or [g(x)]™g’(x) or e9¥).g'(x), T[g(x)].g'(x) or [T( g(x))]"™ g'(x) then

substitute g(x) = zand g'(x)dx = dz. Here T means trigonometry function.

UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL



Example:

Evaluate the following indefinite integral

(D) | Cisz(j(c;ii) dx (i) [ x° e'®dx (iii) fol x3V1+3x* dx  (iv) [#(tan® x + tan® x) dx
Solution:
. e*(x+1) (i) | x° e10 dx let %10 =
() f cos?(x eX) dx Let, x.e* =z _ fez az ’
, 10 = 10x°dx = dz
_ [ 42 Then (x.e* + e*.1)dx = dz =— [eZdz
cos? z %0 = x9dx — dz
X — =—.e‘+c 10
_ fSeCZ 7 dz = (x + 1)dx dz 110 ; ; ” "
=—e* +c — =Uu—+v—
= tanz + ¢ H ax (V) = Mg Vs
= tan (xe*) + ¢ % [x"] = nx"~1

[e*dx=e*+c

[ sec’x dx = tanx + ¢

UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL



(iii) J) x3V1 + 3x% dx

.\ 5 3
i (iv) J#(tan® x + tan® x) dx Let, u = tan x
_ Y dz el Ul du = sec® x dx
~ vz 12 = (0 +3.4x3)dx = dz = Jetan® x (1 + tan® x) dx
Limits
1 3 __ dz n
— %ffzz dz = x°dx = 73 = Jrtan® xsec® x dx when x = 0, then u = 0
Limits
—_ — fol 13du when x = %, thenu = 1
114 whenx = 0,thenz =0
B 1 Z2+1 |
T 121y when x = 1, then z = 4 _ [”_4]
- 1 +Jo sec’x —tan’x =1
1 [23/2]4 — %[14 — O]
— _ Lt
12| 2] B [xMdx=——+c
1 201,23 3 '
= — X 3 [42 — 12]
1 7
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Some ldeal Integrals

f/()
dx = In|f(x)| + ¢
f(x)
Example: . . Co : tanx -y 1 X
Evaluate the following indefinite integral (i) [ n(cosm) dx (i1) fo - dx
Solution:
R D ¢
(i) [ —27 gy (i), e Ax Here f(x) = 4 — x*
nicoss) Here f(x) = In(cosx) _ (_ 1) fl —2X 1 And f'(x) = —2x
_ _f —tanx dx B 2/ 70 4—x? *
In(cosx) And f’(x) — 1 _(—Sinx) 1
cOsx = —=[In|4 - x?|]}
= —In(Incosx) + ¢ 2
= —tanx
= ——{In(4 — 12) - In(4 — 0)}

1 1 3
— —E{lnB — ln4} = —Eln(z)
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Example:

. . - . - 1 X sec X
Evaluate the following indefinite integral (i) |, Newr= dx (i) J \/1+tanx
Solution:
— 1 _ 2 .. 2
(i) f01 1>_<x2 Iy Here f(x) =1 —x (i) [ ﬁiaﬁx Ao Here f(x) = 1 — x?2
And f'(x) = —2x (o) = —
B (—l)fl X =21+ tanx +c And f*(x) ox
B 0 V1-x2

1
— —%[2\/1 —xZJO

=—-{V1-1-v1-0}
=1
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[f(x)]"

f [f(X)]n f,(X)dX — ﬁ + C

Example:

T

Evaluate the following indefinite integral (i) | (cot” x + cot® x)dx (i) J2sin” x cos x dx

Solution: n
L
(i) | (cot” x + cot® x)dx B (1) foz sin’ x cosx dx Here f(x) = sinx
Here f(x) = cotx (sin 2)7H17z
_ 5 2 — And f'(x) = cosx
Jcot® x (cot“x + 1) dx And f'(x) = — cosec®x L 7+1 LO /
=[cot® x cosec?x dx = |2 SinSxF
8 0
— (_ 5 — 2
= (=)Jcot> x (—cosec*x) dx _ %{sinSE — sin® 0}
_ (COtX)5+1 — 1
o 5+1 T ’
_ (cotx)® L.
6




Example:

: : C e : -1 d
Evaluate the following indefinite integral (i) [ —=— (i), \/ﬁ
Solution: ] s
| ) §
0/ Dz,
X
= [ dx Y0 [1—(1-2x+x2)
— 4(4—x2) 1 dx
Y0 [1—(1-x)2
o e
X ={sin"1(1-1) —sin™1(0 — 1)}
_1 1 zex .
4'2><2n|2—x| =0+§
=—In|=Z | +¢ =~
16 2—X 2
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dx dx dx
ype | ———— i 5= ]

acos?x+bsin4x+c acos?x+c acos?x+bsin4x

In this case, we will bring tan®x in the denominator. So, the sin®x in denominator will be divided by cos?x. So the numerator and

denominator will be divided by cos?x and then in the numerator, dx will remain in product with sec’x and in the denominator

there will be tan®x.Now, we will take tanx = z and integrate.

dx
Example: f

4cos?x + 9sin?x

- _ f dZ
Solution: [ dx — J 43922
dz
4c052x+951r12 —
Let tanx = z f9(2+zz)
= [ COSZ . seclxdx =dz 1. d
_ . = dgz Z
4coszx 9sin2x = - >
cos?x | sinZx 9 (§)2+Z2
1 3 -1 Z
_ sec®xdx =3 X Etan >
— - !
44+9tan<x 1 4 37
=-tan " —+¢C
dz 6
— f 2 1 —1.3
4+9z = —tan (E tanx) + C
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TYIOei f i) dx, f&dx ; f(px+ q)Vax? + bx + ¢ dx

Vvax?+bx+c

ax2+bx+c

For this kind of integral, we need to follow the following steps sequentially.

Expressing in the form of Comparing the coefficent
d , Then, Integrate
A—(ax*+bx+c)+s = px+gq determine the value of 1 & s
Example:

J X+ 5 q
X2 + 4x + 13 .

Solution: d .
Letx+5:7\&(x +4x + 13) + s

= x+5=A2x+4)+s

Equating the coefficients of x and constant we get,
1=22 and 5= A X4 + s

z}\:— :5—_X4‘+S :8—3
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X+5 5(2x+4)+3

f X
X2+4x+13 x2+4x+13

_f (2x+4) x + 3f dx

x?2 +4x+13 x2+4+4x+13

= —lnlx2 +4x + 13| + 3.1tan“1 (xTJrz) +c

= —lnlx +4x + 13| + tan™? (x-BI-Z) +c
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Type: In the form of a? + x* & x* + a*

Concept: (1) If f(x) = a? + x?, then, we will take x = atan®
(i) If f(x) = a? — x?, then, we will take x = asin®

(i) If f(x) = x* — a?, then, we will take x = asect

Example:
j dx
(x% 4+ 9)?
Solution: [
(x249)2
_ 3sec?0 do Suppose, x=3tano
- f(3tan29+32)2 = dx = 3sec?0d6
3sec?0 do

f 92(1+tan40)
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_ 1 f sec?0 do

(sec%0)?2
_1 tan0
_f - 54 [9 1+tan29] tC
27 Y sec<0
, =—[tan"1(3) + 3l B
fZ cos?0 do 54 1+_
27>< I |
== tan‘l( ) tvis % +cC
= if(l + cos20) do 54 o+X
54 ; 9 |
= tan‘l( =) + 9+X2 +c
:i[e_l_smzel .
54

1 1 2tan®
= o+ 22|+ o
2 1+tan<0
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Integration by Parts:

If u and v are function of x then

Juvdx =ufvdx— f{%fvdx}dx

Guide linxe for selecting u xand v:x

L : Logoritmic function (logx,Inx, ...)

| : Inverse Trigonometric Function(sin™! x, tan™
A : Algebraic Function (2x,x% + 7x,x7>,...)

1 : Trigonometric Function(cos x,secx, ...)

t : Exponential Function(e*®, e 4%, ...)

x,..)

Choose “U” to be the function that comes first in this list
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Example:

Evaluate the following indefinite integral
(i) | xe* dx (i) [ xInx dx (iii) | Inx dx

Solution:

Juvdx=ufvdx— f{%fvdx}dx

(i) [ xe* d

- ferare [ fevax) LA T e

L : Logoritmic function
= xe¥ — [1.e*dx | : Inverse Trigonometric Function
A : Algebraic Function
1 Trigonometric Function
[ xe*d= xe*—e*+c £ : Exponential Function

= xe* —e*+c
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(ii)fxlnxdx p
Juvdx =u[vdx- f{d—:fvdx}dx

BEACECh i 0

— —lnx — f_ —dx L : Logoritmic function
| . Inverse Trigonometric Function
_ x—zlnx _ lfxdx A 2 Algebraic Function
2 2 1 : Trigonometric Function
2 2 £ : Exponential Function

=—Inx——+c
2 4

2 2
X X
~ | xlnx dx =7lnx L TC
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(iii) [ Inx dx
= [ Inx .1dx fuvdx=ufvdx—f{%fvdx}dx

NI

L : Logoritmic function

1

= xlnx — f;.xdx | : Inverse Trigonometric Function
o ” A : Algebraic Function
= Xinx — f X 1 : Trigonometric Function

= xlnx — x + ¢ t : Exponential Function

o [ Inx dx = xlnx — x + ¢
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Special Formula (i) j elaf(x)+ f'(x)]dx = e™f(x) +c

(i) f eX[f(0) + f'(X)] dx = eXf(x) +

Example:

Evaluate the following indefinite integral

(i) [ 5 {5inx + 2} dx (if) [ 20D gy (i) [ X (S gy

(x+1)2 14+cosx

Solution:

Here f(x) = Inx
And f'(x) = -

: 5x l
(i) [ e {5lnx +x} dx 1
=e>*Inx + ¢ _5
a=>5
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(i) [ 0D gy

(x+1)2

Let, = —
et ) S T
- (x+1)? % “fx) = (x+1)? _(_) — X 5 2
y) dx \v v
(x—1) 2 — 5
= Je {(x+1) (x+1)2} dx (x+1)
= [e*[f(x) + f'(x)]dx
et F(x) + (iii) [ ex(::::;i)dx Let, £(x)= tanf
1+251n—cos§ f(x) — sec 22
e (1) 4 c — fer (i o 3 sect

- )
= [ eX (tan2 + ~ sec? ;)dx
= [e*[f(x) + f'(x)]dx
=e*f(x)+c

X X
— € tan5+c
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Definite Integral’s Special Properties:

1) [y f(0dx = [y f(a—x)dx.

2) [, f(x)dx =n [ f(x)dx,when f(a + x) = f(x).

3) fa f(x)dx — Z foaf(x)dx if f(X) LS even function
N - 0 if f(x) is odd function
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Example 1: | Evaluate [ x° (1 — x?) dx

solution:  Letl=[ x° (1 - x?)7 dx

= 1= [° f(x)dx Where f(x) = x° (1 — x2)’
Now, f(=x) = (=x)° {1 — (—x)?}’
= —x% (1 - x?)7
= —f @)

~ f(x) = x° (1 — x*)” is an odd function

a
f (odd function)dx = 0
—a

I:f_zzx9 (1— x%)" dx =0
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(tanx) 2025
(tanx)2025 4+ (cotx)2025

Example 3: Determine the value of |7 dx

Solution: LEt, I — 2 (tanx)2025 dx (l)

0 (cotx)?925+(tanx)?2025 " =" "°

L el

O T an

_ g (cot x)2025

0 (tanx)?09254(cotx)?025

Now (i) + (ii) we get

T[ 7T
. f? (tanx)?02> ; f? (cotx)20%> ;
X + X
o (cotx)?025 + (tanx)2025 o (tanx)2925+(cotx)?025

UNIVERSITY OF GLOBAL VILLAGE (UGV), BARISHAL



o o7 = f% f% (tanx)2025 N (cot x)2025 I
— Jo |70 (cotx)20254(tanx)2025  (tanx)2925+(cotx)2025

_ fg (tanx)?92>+(cot x)2025
—Jo

(cot x)2025+(tanx)2025

dx

= 2] =f051dx

= 21 =[x]?
= 2[==
2
===
4
g (tanx) 2024

T
o dx = —
0 (tanx)2024+(cotx)2024 4
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T xSinx

Example 3: Find the value of | dx.

0 1+4cos?x

Solution: et 7= [ XX gx....... (i)

0 14cos?x

T (m—x) sin(w—x)
0 1+cos?(m—x) dx

__ 7 (m—x) sin(x) ..
= Jo Tre0s700) dx.......... (ii)
: . T 7 sin(x)
Now (i) + (ii) = 2I = fo 122229&) dx Let, cosx = z
B 1 7dz s sinxdx = —dz
Lo Limit:
1 dz
:ﬂf_lzzﬂ if x=0thenz=1
1 and ifx = mthenz = -1
= m[tan~1 z]_1
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= m[tan"1(1) — tan"1(-1)]

. fn X sin x
"JO 1+cos2x

Example 4:

1 ln(1+;c) dx
+ x

Find the value of |

Solution: 1 1n(1+x) iy

Let |= f Let x = tant

2
s dx = se€ 0d6
(3 Z In(1+tan®).sec? 0 d6 o
= fo 1+tan2@ Limits:

If x =0then 0 = tanf@ = 0 =10

_ f41n(1+tan9) .sec? 60 d6
—Jo sec?6

If x = 1then1 = tan9=>e=z.
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= 1= [+In(1+tand) do ................ (1) =1=In2 [#*dd — [#*In(1+ tan6) d6

=>|:f011n{1+ tan(%—@)} d6 = 1=In2.[6]% — I; From (1)
[ =>2l=In2.(——0
:l_fﬂn 4 () tan }d@ G-0)
1+tan tan9

=2l= Z1In2
4

{
=>I—f4n(1+1 tane) .
(=

1+ tan 6 =>|==1In2
= | = (4] - r1In(1+x) T
I f n 1+tan 0) oo fO 1+x2 dx —g ln 2

= 1= [#{In2 - In(1+ tan6)} db
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Exercise:

Evaluate the following integrals:

) 2025

1 ) f(:% (sinx

(cosx)2025 4 (sinx)2025

dx

n (tanx) 2025

2) fOE 1+(tanx)2025 ax

3) JZ In(sinx) dx

4) [2In(1 + cosx) dx

5) |#In(1 + tanb) do
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Walle’s theorem:

If n is a positive integer then

T T

7 ainn — (7 cosn
JZsin™x dx = [2cos™ x dx

(n—1n—-3n-"5 53 m . _

_] Seu-SieamyrSUEERRRNE b S when n is even
n—1n—-3 n-5 6 4 2 , b < odd
" g T T whenniso
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Example: Evaluate by walle’s formula

T

. 2 7
i [2cos” x dx

T

(2 cacl0
il. J2cos™®x dx
m . g

i, sin®x dx

Solution:

T

. 642 16
i JZcos”x dx=

7531 35

T

L 2 97531 T 63T
il fOZ cosi0x dx = T _63m

10.8.6.42 2 512

T




Gamma function & Beta function

Gamma function:

Improper integral fo e *x" 1dx, mn > 0iscalled second Eulerian or gamma function.

Itis denoted by I'(n),i.e,T'(n) = [ e™*x"'dx, n>0

Beta function:

Proper integral f01 x™ 11 —x)"tdx, m,n > 0is called first Eulerian or beta function.

It is denoted by B(m,n), i.e., f(m,n) = fol xm 11 -x)"1dx, mn>0
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Important Information:

1. T() =1
2. '(n+ 1) =nl'(n)
3. I'(n + 1) = n!; n positive integer

4 [‘(2):"_2."_4."_6 ........... %.g.%_[‘(g);nodd

2 2 2 2

m+1 n+1
5f§'m nd_l“(z)l"(z)
. J2sin™x cos™x dx = s

2r ()

6. B(m,n) = L(n,m)




Question 1: Prove that beta function is symmetric, or prove that S (m,n) = f(n,m)

Proof:  weknow f(m,n) = [ x™ (1 —x)"Tdx e (1)
letx =1—y,theny =1 —x and dx = —dy.

Limits: whenx = 0,theny = 1andwhenx =1,theny =0

Therefore (1) implies
B(m,n) = [[(1 — y)™ 1y (~dy)
= — [/ y"1 (1 —y)mLdy
= [yt - y)midy
= f(n,m)

. f(m,n) = f(n,m) (Proved)

or, Hence beta function is symmmetric. (Proved)
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Question 2:  Provethat I' (%) = Vr

Proof : From the definition of Beta function we know that,

1
L(m,n) = f xMm 11 —-—x)"Ydx;m>0n>0
0

Putting m = n = % In this formula we get
11 1 14 14
5 (E’E) =J,xz " (1—x)2 "dx

rQrey) _ (1 -1 Lo _ Imrm
v o x 2(1—x) 2dx since f(m,n) = T o)

re))2
LOQP o ax

(1) x2(1—-x)2
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Let, x = sin?@ -~ dx = 2sin8.cos 6 do

Limit: ifx =0thensin?d =0=>0 =0

V[

ifx=1thensin29=1:9:5

fg 2 sin 6.cos 6@

So I} = d6

0 sin@ cos@

T/2

>{IP = f,7" do

[

>{T(5)}? = 2[6]?
>{rQ¥ =2(5-0)

>{TQY =n

~ T (%) =~/ [Proved]
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Question 3:

Proved that |~ e " dx =

~ | J

Proof :

From the definition of Gamma function we know,I'(n) = fooo thle~tdt

We putt = x“ then dt = 2x dx

Limit: Ift =0thenx = Oandift = cothenx = oo
~T(n) = fooo(xz)"‘1 e " 2x dx

or, [(n)=2 fooo x2n=1g=x" gy

Again putting, n:% we get,




Question 3: Evaluate

T/2
@). J, " sin®x dx (C). fon/z sin®0 cos>0 dx
(b). fon/z sin®0 cos*0 dx (d). f01x6\/1 — x2 dx
Solution: ()
We put, | = fO”/ * sinbx dx
s r m+1 r n+1
We know that [2 sin™x cos™x dx = ( Zm)+n(+22 )
0 2l (——)

Here m=6, n=0

T TArE)

1 2r(%%) 2T (4)
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o7 = _ 227" G)TQ _svaym
2.3.2.1 32
. /2 . ¢ _5_71'
. Jo | sin®xdx =
().
We Put, | = fn/z sin®0 cos*0 do
- m+1, ., n+1
o )
We know that [ 2 sin™x cos™x dx = zr(’"*"“)

Here m=5, n=4

o [EHrED TR
— 21_,(5+4-+2) — 21.,(%)
_ 21T g

233G 318

/2 . 8
o [T/? 5in%0 cos*0 dx = -
0 315
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().

/2

We Put, I = [ " sin®@ cos°0 df

(m+ 1) l_,(n+1

)

We know that 2 sin™x cos™x dx =

m+n+2

2r (T2,

Here m=6, n=5

L FErED _ Iere)
21_,(6+5+2) 2[‘(?)
r).2.1 _ 8

z%ggr(-) 693
fon/z sin®@ cos®0 dx = %
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(d).
We Put, I = fol x6V1 — x2 dx

Let x = sin 6 then dx = cos 68d6

T

2
o] = j Sin69\/1 — sin?0 cos 6d6 Limit:
0

Ifx =0then0 =sinf = 0 =0

= [2sin® cos*6 df

_I&)(5)
_ 2F(6+§+2)

_r@rG

And if x = 1 then 1=sin 6 = 8=§

2 51
j Sin69\/1 — sin%6 cos 6dO =
0

256
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Determining the area of the area enclosed by a curve in Cartesian coordinates

Area bounded by y = f(x) & x —axis within a specific limit:

Y
=)

O
[
X

3
Let the function f(x) be single-valued and continuous in the interval [a, b] then the area bounded by the
ordinatesat x = a,x = b,thecurve y = f(x), and the x-axis Is

A:ffy dx orA:f;f(x) dx
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Area bounded by x= f(y) & y—axis within a specific limit:

'Y
x=f(y)

"X
O

'
Let the function f(y) be single-valued and continuous in the interval [a, b] then the area bounded by the

ordinates at y= a,y = b, the curve x = f(y), and the y-axis Is

A:f;xdy or A:f;f(y) dy
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Area bounded by the two curves y; = f(x) and y, = g(x)

&

D
Here we shall find the area bounded by the curves y; = f(x), vy, = g(x) v, = g(x) C
and the ordinatesat x = a,x = b, thatis the area of ABCD. - =
I [
x x
N G
Area ABCD = Area MNCD — Area MNBA
_ b b - o >
=), 9()dx — [ f(x)dx M N X

= [P[g(x) = f(x)] dx
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Area bounded by the two curves x; = f(y) and x, = g(y)

y
: =D
Here we shall find the area bounded by the curves x; = f(v), x, = g(y) M ali D
and the ordinatesat y = a,y = b, that Is the area of ABCD. N\ .
v >
S —/
I f
Area ABCD = Area MNCD — Area MNBA = S
_ b b N ; — C
=), 9dx — [ f(y)dx g Y=2
b O X
= [ lg) = f(y)] dx '
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Example 1: Find the area of the circle x? + y? = 9 R

B (0,3)
: d
Solution:
The equation of a circle is x? + y% = 92 which can be written as .
3,0
y2 = 92 — x2 ...yz\/gz_xz (3,0)
The region is divided into four parts by x-axis and y-axis. If we find the
area of the first quadrant and then multiply by 4 we get the total area of !
the circle. For the first quadrant the limit of x varies from O to 3. The area
of the shaded region Is ydx
The total area of the circle, 4 = 4 f03 V32 — x2 dx
_4[x 32—x2_|_3_2 .1 ({) r VaZI—Z a2
B 2 2 > 5/ [VaZ —x2dx = == X+asin‘1(§)+c
32 2 2 a
) [0 +2sin™1(1) — (0 — 0)]
32

= 4 X = X — = 97 5q. UNit
2 2
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Example 2:

Show that the area of a region bounded by the parabola y* = 4.x and the straight line
y = 2x — 4 1S 9 square unit.

Solution: . .
Given the equations are,

Here the curve (1) is symmetrical about x-axis. In (1) its vertex is 0(0,0)

Now for the points of intersection, from (2) putting the value of y in (1) we
get,

(2x — 4) %= 4x

= 4x%— 20x + 16 =0
= x % —5x + 4=0

= x-1)x—-4)=0

= x=14
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Ifx = 1theny =—-2.Againifx = 4theny = 4

Hence (1) and (2) intersect at the points P(1,— 2) and 0 (4, 4) 4
1 y* M
From (1) and (2) let x; = E (v +4) and x, = " Q (4,4)
If A is the required area then A = Area of PLMQ.
< > X

L
_ 4 1 yZ (17'2)
_f—zlg(y+4)_71dy \\

- (5 +ax)- ::3}—{;( 24 ax () -2

- (12—?)—(—3 +2)

|l
I_I
A
_|_
‘<
N—
I
N
<[
w
N
N
_<

= 9 5. unit
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Example 3:

Find the area bounded by the curves y? = 4ax and x* = 4ay

Solution:

Glven equations are,

Here the curve (1) is symmetrical about the x-axis and the curve (2) i1s symmetrical about the y-axis.

For the points of intersection, from (2) putting the value of y in (1) we get,

(g)z = 4ax

= 4ax
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= x* = 64a3x

= x(x3 —64a%) =0

= x(x —4a)(x* + 4ax + 16a*) = 0

= X =0, 4a. xXT =

fx=0theny=0andifx = 4atheny = 4a
Hence the two curves intersect at the points 0(0,0) and A(4a, 4a).

2
Let y; = V4ax and y, = a

4a

4
~Area= | “(yy —vy)dx

f‘*“< Vaax — D)dx

14a
3

2\/_ E__ X

3

40

l2va- 2 (40): - - )’} - 0 - 0)

16a?

sq.unit
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Exercise:

1) Find the area of the circles given below.
(Dx*+y%2 =4 (i)x% + y* = 16

2) Find the area bounded by the curves y? = 4x and x? = 4y

3) Create a problem that involves finding the area of a region bounded by two
curves and solve it using definite integrals.

4) Find the area of the region bounded above by y = x* + 1, bounded below by y =
x and bounded on the sides by x = 0 and x = 1.

5) Find the area of the ellipse given below.
G 2

(D4x? + 92 = 36 (u) alig y— — 1
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Area bounded by the polar curves:

If /(6) Is a single valued continuous function of 8 in the interval [«, /] and the

area bounded by the curve » = f(6) and the radii vectors ¢ = o and 6 = [ IS

denoted byAthenAzlfﬁ re do
2va
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Example 1:
Find the area of a cardioid » = a(1 + cos#@)

Solution:

>

Giventhatr = a(1 + cos0) 0 —

NS

Since putting —6 for 8 In (1) , the equation remains unchanged,

so the curve Is symmetrical about the initial line.

If r = 0 thena(l + cosf) =0 X': 0— -1 o p

|
S

= 1 + cosf@ =0
= cosf@ = —1 = cos(+n)
= 0 = +41m.

Since the cardioid lies between 6 = —m and 6 = m. So, the

limits of 6 are from 0 to it for the upper half of cardioid. Y'
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If Ais the area of cardioid then A =2 fO”%rz do

= fon a’(1 + cos8)? do
= a? [ (2cos? g)z do
= 4q? fon cos4§d9
Weput” = ¢ then>df =dt = do = 2 dt
Limits: If 6 = 0 thent=0andIf 6 = m thent="
~ A =4a°.2 fogcos‘*t dt

[ using walle’s theorem]

e

= 8a?2 .=
4°2°

3 .
E”az Sg. unit
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Example 2:

Find the area of the cardioid r = 1 — sin 6 4
Solution: .
|l
The given equationis »r =1 —sinf - (1) >
The region Is divided into two parts. So, the region is symmetric 0=0 >
: O
about y-axis.

Puttingr =0in (1) wegetl —sind =0 =sinf =1

m 3T
9=
T 5T °l'=’ | h
Therefore, the cardioid situated between the line 6 = > and 0 = - I
m v

So, the left half of the cardioid situated between the line 6 = % and @
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3T

The total area of the cardioid is A = 2 fg%rzdﬁ
2

31
= [* (1 —sin6)?d6
2

31

= fg(l — 2sin @ + sin”* 0)do
2

am
2

J

2

(1 —2sin@ +%25in2 9) do

W
S

{1—25in9 -I-%(l—COSZQ)}dQ

1

S

. 3

= m (E—Zsinﬁ—%cosze)de
sin 20 ]%ﬂ

> |

= EH+26059—

2

=2xZ+0-0 -2xZ-0-0]
2 2 2 2
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Exercise:

1. Find the area of a cardioid » = a(1 — cosf)

2. Find the area of the cardioid » = a(1 + sin ).

3. Findthe areaofacardioid r = 1+ cos@

4. Find the area of a loop of the curve r* = a* cos 26. Also find the area of all

loops of the curve
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O
THE END

THANK YOU

FOR YOU ATTENTION

O N
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